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ABSTRACT. We classify Enriques surfaces with smooth K3 cover and finite automor-
phism group in arbitrary positive characteristic. The classification is the same as over the
complex numbers except that some types are missing in small characteristics. Moreover,
we give a complete description of the moduli of these surfaces. Finally, we realize all
types of Enriques surfaces with finite automorphism group over the prime fields Fp and Q
whenever they exist.
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CONVENTION
Unless mentioned otherwise, we will work over an algebraically closed field k of ar-
bitrary characteristic. By Enriques surface we will mean Enriques surface with a smooth
K3 cover throughout this paper. This means that we will not be dealing with classical and
supersingular Enriques surfaces in characteristic 2.
1. INTRODUCTION
Classically known as the first examples of non-rational surfaces with q = pg = 0, En-
riques surfaces are one of the building blocks of minimal, smooth and projective surfaces
of Kodaira dimension 0. Thus, in the Enriques-Kodaira classification of complex surfaces
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2 GEBHARD MARTIN
(see for example [BHPVdV04]), they appear next to Abelian, bielliptic, and K3 surfaces
to which they are closely related. In positive characteristics, the classification of Bombieri
and Mumford [Mum69], [BM77] and [BM76] shows that the close relation to K3 surfaces
persists unless the characteristic of the base field is 2. However, in characteristic 2, three
distinct types of Enriques surfaces appear. These types are distinguished by the torsion
component of the identity of the Picard scheme Picτ , which is one of {Z/2Z, µ2, α2},
and they are called classical, singular and supersingular, respectively. Among these, only
the singular Enriques surfaces admit a smooth canonical K3 cover, whereas the canonical
cover X˜ of the other types is only ”K3-like”, in the sense that X˜ is integral Gorenstein and
ωX˜
∼= OX˜ . However, X˜ might even be non-normal.
Using the period map for complex Enriques surfaces [Hor78a], [Hor78b], one can
construct ”a” [GH16] moduli space of unpolarized Enriques surfaces over the complex
numbers, which is 10-dimensional, quasi-affine [Bor96] and rational [Kon94]. There is
a codimension-one subvariety parametrizing Enriques surfaces containing a (−2)-curve,
i.e. an irreducible curve with self-intersection (−2), and a codimension-one subvariety of
the boundary of the period domain parametrizing Coble surfaces, i.e. smooth rational sur-
faces X with | −KX | = ∅ and | − 2KX | 6= ∅. Both of these codimension-one subvarieties
are rational [DK13]. Thus, one expects that a 1-dimensional family of Enriques surfaces
degenerates to a Coble surface at some point. We will also see this kind of behaviour for
our examples in positive characteristic.
In positive and mixed characteristic, a similar picture has been established by C. Liedtke
in [Lie15] and T. Ekedahl, J. Hyland and N. Shepherd-Barron in [EHS12]: The moduli
space of Cossec-Verra polarized Enriques surfaces is a quasi-separated Artin stack of fi-
nite type over Spec Z, which is irreducible, unirational, 10-dimensional, smooth in odd
characteristics and consists of two connected components with these properties in charac-
teristic 2. These two connected components parametrize singular and classical Enriques
surfaces, respectively. Their 9-dimensional intersection parametrizes supersingular En-
riques surfaces. The stack of unpolarized Enriques surfaces is very badly behaved (see
[Lie15, Remark 5.3]), because the automorphism group of a generic Enriques surfaceX is
an infinite and, unless X is supersingular or an exceptional [ES04] and classical Enriques
surface in characteristic 2, discrete group.
The automorphism group of a general complex Enriques surfaces was computed by W.
Barth and C. Peters [BP83], independently also by V. V. Nikulin [Nik81], and is equal
to the 2-congruence subgroup of the group of positive-cone-preserving automorphisms of
the E10 lattice. However, an Enriques surface may acquire additional (−2)-curves under
specializations, causing the automorphism group to become smaller. Therefore, it is a
natural question whether this group can degenerate to a finite group.
In 1984, I. Dolgachev [Dol84] found an example (type I) of an Enriques surface with
finite automorphism group and later it was discovered that G. Fano [Fan10] had also found
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an example (type VII) as early as in 1910, although the automorphism group is not S3 as
Fano claimed, but S5 (see [Kon86, p.191]). The full classification of Enriques surfaces
with finite automorphism group over the complex numbers was then carried out by Nikulin
[Nik84] in terms of their root invariants and by S. Kondo¯ [Kon86] using elliptic fibrations.
There are seven types I, . . . ,VII of such Enriques surfaces, distinguished by their dual
graphs of (−2)-curves, the first two of which form a 1-dimensional family and the others
are unique [Kon86].
The key observation for Nikulin’s approach to the classification is the fact that for a
complex Enriques surface X the subgroup WX ⊆ O(Num(X)) generated by reflections
along classes of (−2)-curves has finite index if and only if Aut(X) is finite. However,
while in any characteristic WX being of finite index in O(Num(X)) implies that the auto-
morphism group Aut(X) is finite [Dol84, Main Theorem], the converse uses the Global
Torelli Theorem proven by E. Horikawa [Hor78a], [Hor78b], which is not available in
positive characteristic. For this reason, we will not pursue Nikulin’s approach. Neverthe-
less, it will follow from our explicit classification that Aut(X) being finite implies that
WX ⊆ O(Num(X)) has finite index.
Kondo¯’s approach is based on the observation – due to Dolgachev [Dol84, §4] – that the
Mordell-Weil group of the Jacobian of every elliptic fibration of an Enriques surfaceX acts
on X , hence it has to be finite if we want X to have finite automorphism group. Using this
approach, we will obtain the classification of Enriques surfaces with finite automorphism
group and smooth K3 cover in positive characteristic. Recall that the K3 cover of an
Enriques surface X is smooth if and only if char(k) 6= 2 or X is a singular Enriques
surface, i.e. Picτ (X) ∼= µ2.
Main Theorem (Classification). LetX be an Enriques surface with smooth K3 cover over
an algebraically closed field k.
(1) X has finite automorphism group if and only if the dual graph of all (−2)-curves
on X is one of the seven dual graphs in Table 1.
(2) The automorphism groups, the characteristics in which they exist, and the moduli
of Enriques surfaces of each of the seven types are as in Table 1.
In Table 1, Sn is the symmetric group on n letters, D4 is the dihedral group of order 8,
and for two groups N and H , N oH denotes a semi-direct product of N and H .
In characteristic 2, the search for Enriques surfaces with finite automorphism group
has been started recently by T. Katsura and S. Kondo¯ [KK15]. There, the question of
existence of the seven types in characteristic 2 was settled. Our classification shows that
the examples of singular Enriques surfaces with finite automorphism group in [KK15]
are in fact all possible examples of such surfaces. For the classification of classical and
supersingular Enriques surfaces with finite automorphism group in characteristic 2, we
refer the reader to [KKM17].
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Type Dual Graph of (−2)-curves Aut Autnt char(k) Moduli
I D4 Z/2Z any
A1 −
{0,−256}
II S4 {1} any A
1 −
{0,−64}
III
(Z/4Z×
(Z/2Z)2)o
D4
Z/2Z 6= 2 unique
IV
(Z/2Z)4 o
(Z/5Z o
Z/4Z)
{1} 6= 2 unique
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V S4 × Z/2Z Z/2Z 6= 2, 3 unique
VI S5 {1} 6= 3, 5 unique
VII S5 {1} 6= 2, 5 unique
TABLE 1. Classification
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Remark. As an application of our classification, we determine the semi-symplectic parts
of the automorphism groups of Enriques surfaces with finite automorphism group. For the
precise statement, we refer the reader to Theorem 12.2 and Table 6.
Even though our approach to the classification of possible dual graphs is similar to the
one of Kondo¯ in many aspects, we will encounter several obstacles due to the lack of
a Torelli Theorem, the existence of different finite order automorphisms of K3 surfaces
[DK09] and a different list of extremal and rational elliptic surfaces in small character-
istics [Lan91], [Lan94]. We overcome these problems by extending Kondo¯’s universal
base change construction [Kon86, Lemma 2.6] of Enriques surfaces with special elliptic
fibration pi (i.e. an elliptic fibration with a (−2)-curve as bisection, see Definition 2.7) to
arbitrary characteristic and by using the explicit description of the covering involution of
the canonical cover X˜ of X to obtain a map
jac2 : MW(J(pi))→ { special bisections of pi }
producing new (−2)-curves on X from sections of the Jacobian J(pi) of pi. Moreover, we
exhibit ”critical” subgraphs, which are dual graphs of singular fibers of a special elliptic
fibration pi on X together with some special bisection N , for each of Kondo¯’s seven types
and we show that an Enriques surface whose dual graph of all (−2)-curves contains such
a diagram is one of the seven types. Therefore, we can use the universal base change
construction to construct pi and N and hence the Enriques surface itself. Since the base
change construction is universal, we can give an explicit description of the moduli of
Enriques surfaces with finite automorphism group. Finally, the equations we give can
actually be interpreted as integral models of these Enriques surfaces and some of them
were found using the integral models of extremal and rational elliptic surfaces of T. Jarvis,
W. Lang and J. Ricks [JLR12].
As we have just mentioned, a closer look at our equations reveals that they do in fact
define integral models of these surfaces in the following sense.
Theorem 11.3 (Integral models). Let K ∈ {I, . . . ,VII} and PK be as in Table 2. There
is a family ϕK : X → Spec(Z[ 1PK ]) whose fibers are Enriques surfaces of type K with
Picard rank 10.
Note that for K 6= I, II, PK is exactly the product over the characteristics where type K
does not exist. If K = I, II, we give two integral models to obtain the following corollary,
which solves the existence of the seven types over arbitrary fields.
Corollary 11.5. Suppose that there exists an Enriques surface of type K ∈ {I, . . . ,VII}
in characteristic p. Then, there exists an Enriques surface of type K with Picard rank 10
over Fp (resp. over Q if p = 0).
Moreover, we exhibit special generators of the automorphism groups of Enriques sur-
faces with finite automorphism group, leading to our third result.
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Type PK
I 255, 257
II 63, 65
III 2
IV 2
V 6
VI 15
VII 10
TABLE 2. Integral models
Theorem 11.6. Let X be an Enriques surface of type K ∈ {I, . . . ,VII} over a field k such
that Pic(X) = Pic(Xk¯).
• If K 6= III, IV, then Aut(X) is defined over k.
• If K = III, then Aut(X) is defined over L ⊇ k with [L : k] ≤ 2.
• If K = IV, then Aut(X) is defined over L ⊇ k with [L : k] ≤ 16.
Let us explain the structure of the paper. In §2, we extend Kondo¯’s base change con-
struction to positive characteristic after recalling several facts on Enriques surfaces and
elliptic fibrations. In §3, . . . , §9, we construct Enriques surfaces of types I, . . . ,VII and
compute their automorphism groups as well as their moduli. After that, in §10, we classify
the dual graphs of Enriques surfaces with finite automorphism group, finishing the proof
of our Main Theorem. In §11, we explain how to obtain information on the arithmetic
of these surfaces and in §12, we give the list of semi-symplectic automorphism groups of
Enriques surfaces with finite automorphism group.
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2. PRELIMINARIES
2.1. Generalities on Enriques surfaces, dual graphs and elliptic fibrations. Here we
recall some basic facts about Enriques surfaces, clarify our terminology, and refer the
reader to [CD89] for proofs and to [Sil94] for anything related to elliptic curves. In the
first ten sections, we will be working over an algebraically closed field k.
Definition 2.1. A K3 surface is a smooth, projective surface X˜ over k with ωX˜ ∼= OX˜ and
H1(X˜,OX˜) = 0. An Enriques surface X with smooth K3 cover is the quotient of a K3
surface by a fixed point free involution σ. We call the K3 surface X˜ with X˜/σ = X the
canonical cover or K3 cover of X .
Convention 2.2. From now on, we will drop the ”with smooth K3 cover” and we will
always assume that the Enriques surfaces we talk about have such a cover.
Definition 2.3. An elliptic fibration (with base curve P1) of a smooth surface X˜ is a sur-
jective morphism p˜i : X˜ → P1 such that almost all fibers are smooth genus 1 curves,
p˜i∗OX˜ = OP1 and no fiber contains a (−1)-curve. We do not require that p˜i has a section.
Proposition 2.4. (Bombieri and Mumford [BM76, Theorem 3]) Every Enriques surface
admits an elliptic fibration.
The reason why we do not assume that elliptic fibrations have a section is that this is
never the case for Enriques surfaces:
Proposition 2.5. (Cossec and Dolgachev [CD89, Theorem 5.7.2, Theorem 5.7.5, Theorem
5.7.6]) Let pi be an elliptic fibration of an Enriques surfaces. Then,
• if char(k) 6= 2, pi has exactly two tame double fibers, both of which are either of
multiplicative type or smooth, and
• if char(k) = 2, pi has exactly one wild double fiber, which is either of multiplicative
type or a smooth ordinary elliptic curve.
Remark 2.6. Since being supersingular is an isogeny-invariant, one can check the type of
the double fiber on the K3 cover.
Therefore, the intersection number of any curve with a fiber of an elliptic fibration of an
Enriques surface is even. Thus, the best approximation to a section will be a bisection.
Definition 2.7. Let N be an irreducible curve on an Enriques surface X and let pi be an
elliptic fibration of X .
• N is a (−2)-curve if N2 = −2. Equivalently, N ∼= P1.
• N is a special bisection of pi if N is a (−2)-curve with F.N = 2, where F is a
general fiber of pi.
• If pi admits a special bisection, we call pi special.
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In fact, special elliptic fibrations are much more common than one might think. More
precisely, we have the following result of F. Cossec, which was shown by W. Lang also to
hold in characteristic 2.
Proposition 2.8. (Cossec [Cos85, Theorem 4], Lang [Lan88, Theorem A3]) An Enriques
surface contains a (−2)-curve if and only if it admits a special elliptic fibration.
Now, we recall some facts on the Jacobian fibrations of elliptic fibrations of Enriques
surfaces.
Proposition 2.9. (Cossec and Dolgachev [CD89, Theorem 5.7.1]) Let pi be an elliptic
fibration of an Enriques surface. Then, the Jacobian fibration J(pi) of pi is an elliptic
fibration of a rational surface.
Since the group of sections of the Jacobian of an elliptic fibration of an Enriques sur-
face acts on the surface, we will mostly be concerned with extremal and rational elliptic
fibrations. The group of sections of an elliptic fibration pi is also called the Mordell-Weil
group of pi [Sil94, III §9].
Definition 2.10. Let pi be an elliptic fibration of an Enriques surface and let J(pi) be its
Jacobian. We call J(pi) and pi extremal if the Mordell-Weil group MW(J(pi)) is finite.
We will use the Kodaira-symbols In(n ≥ 1), I∗n(n ≥ 0), II, III, IV, II∗, III∗, and IV∗ to
denote the singular fibers of an elliptic fibration (see for example [Sil94, p.354]). The
reducible fibers consist of (−2)-curves and their intersection behaviour will play an im-
portant role throughout this paper.
Definition 2.11. Let M be a set of (−2)-curves on a smooth surface X .
• The dual graph of M is the graph whose vertices are elements of M and two
vertices Ei, Ej ∈M with i 6= j are joined by an n-tuple line if Ei.Ej = n.
• If M is the set of all (−2)-curves on X , we will call the corresponding graph the
dual graph of all (−2)-curves on X .
• IfM is the set of all (−2)-curves contained in singular fibers of an elliptic fibration
pi of X , we call M the dual graph of singular fibers of pi.
The dual graphs of the singular fibers of type In(n ≥ 2), I∗n(n ≥ 0), III, IV, II∗, III∗, and
IV∗ are A˜n−1, D˜n+4, A˜1, A˜2,E˜8, E˜7, and E˜6, respectively (see [Mir89, I.6]). Conversely,
configurations of (−2)-curves whose dual graphs are extended Dynkin diagrams of these
types give rise to elliptic fibrations.
Proposition 2.12. (Kodaira [Kod63], Mumford [Mum69]) A connected, reduced divisor
D on an Enriques surface X is equal to the support of a fiber of an elliptic fibration if
and only if D is an irreducible genus 1 curve or the irreducible components of D are
(−2)-curves whose dual graph is an extended Dynkin diagram of type A˜-D˜-E˜.
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Note that one cannot always reconstruct the fiber type from the graph. Using this nota-
tion, we can give the list of extremal and rational elliptic fibrations in every characteristic
due to R. Miranda, U. Persson and W. E. Lang.
Proposition 2.13. (Miranda and Persson [MP86], Lang [Lan91], [Lan94]) Let pi be an
extremal fibration of a rational surface. Then, the singular fibers of pi are given in Table 3.
The extremal and rational elliptic surfaces with singular fibers (I∗0, I
∗
0) in characteristic
6= 2 and the ones with singular fiber (I∗4) in characteristic 2 form 1-dimensional families
and all other fibrations are unique.
char(k) 6= 2, 3, 5 char(k) = 5 char(k) = 3 char(k) = 2
(II∗, II) (II∗, II) (II∗) (II∗)
(III∗, III) (III∗, III) (III∗, III) –
(IV∗, IV) (IV∗, IV) – (IV∗, IV)
(I∗0, I
∗
0) (I
∗
0, I
∗
0) (I
∗
0, I
∗
0) –
(II∗, I1, I1) (II∗, I1, I1) (II∗, I1) (II∗, I1)
(III∗, I2, I1) (III∗, I2, I1) (III∗, I2, I1) (III∗, I2)
(IV∗, I3, I1) (IV∗, I3, I1) (IV∗, I3) (IV∗, I3, I1)
(I∗4, I1, I1) (I
∗
4, I1, I1) (I
∗
4, I1, I1) (I
∗
4)
(I∗2, I2, I2) (I
∗
2, I2, I2) (I
∗
2, I2, I2) –
(I∗1, I4, I1) (I
∗
1, I4, I1) (I
∗
1, I4, I1) (I
∗
1, I4)
(I9, I1, I1, I1) (I9, I1, I1, I1) (I9, II) (I9, I1, I1, I1)
(I8, I2, I1, I1) (I8, I2, I1, I1) (I8, I2, I1, I1) (I8, III)
(I5, I5, I1, I1) (I5, I5, II) (I5, I5, I1, I1) (I5, I5, I1, I1)
(I6, I3, I2, I1) (I6, I3, I2, I1) (I6, I3, III) (I6, IV, I2)
(I4, I4, I2, I2) (I4, I4, I2, I2) (I4, I4, I2, I2) –
(I3, I3, I3, I3) (I3, I3, I3, I3) – (I3, I3, I3, I3)
TABLE 3. Extremal and rational elliptic fibrations
Remark 2.14. From Table 3 we see that the fibrations in small characterstics differ from
the characteristic 0 cases only if either a II∗ fiber is involved or if the characteristic divides
the number of simple components of some fiber of the fibration.
In fact, the Shioda-Tate formula implies that the dual graph of (−2)-curves contained in
singular fibers of an elliptic fibration pi determines whether pi is extremal or not.
Lemma 2.15. (Shioda, [Shi72, Corollary 1.5]) Let pi be an elliptic fibration of a rational
surface or of an Enriques surface. Then, pi is extremal if and only if the lattice spanned by
the fiber components of pi has rank 9.
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Extremal elliptic fibrations of Enriques surfaces over the complex numbers were studied
by the author in [Mar16], where he classified those extremal fibrations with at least one
reducible double fiber.
2.2. Base Change Construction.
Notation 2.16. Let pi : X → P1 be an elliptic fibration with section of a rational surface
or of a K3 surface. We denote the composition in MW(pi) with respect to some fixed
zero section by ⊕, the inverse of a section P is denoted by 	P and the translation by a
section P is denoted by tP . By abuse of notation, we will also use tP for the induced
automorphism of X .
Over the complex numbers, the following is due to S. Kondo¯ [Kon86, p.199]. There are
generalizations of this result in [HS11] and [Sch16]. Since we need this construction for
our classification, we will extend it to arbitrary characteristic.
Lemma 2.17. Let f : X˜ → X be the canonical cover of an Enriques surface X and let
σ be the covering involution. Let pi : X → P1 be a special elliptic fibration of X with
a special bisection N , let F be a double fiber of pi and let J(pi) : J(X) → P1 be the
Jacobian fibration associated to pi. Let p˜i be the fibration of X˜ induced by |f−1F | and
denote by ϕ : |f−1F | = P1 → P1 = |2F | the induced morphism on the base curve.
Then,
(1) N splits into two sections N+ and N− of p˜i. In particular, the minimal proper
smooth models of the base changes of J(pi) and pi along ϕ are isomorphic.
(2) ChooseN+ as the zero section of p˜i. Then, J(σ) = t	N− ◦σ is an involution whose
quotient, after minimalizing the obtained fibration, is J(pi).
(3) N− satisfies N−.N+ = 0, J(σ)(N−) = 	N− and it does not meet the preimage
of a singular double fiber of pi in the identity component.
The main tool to establish this result in arbitrary characteristic is the following lemma,
which is a close study of how automorphisms of the generic fiber of an elliptic fibration
with section extend to special fibers. For lack of a reference, we will give a proof.
Lemma 2.18. Let R be a discrete valuation ring and let K = Quot(R). Let (E,O) be
an elliptic curve over K and let E be the Ne´ron model of E over R. Let E0 be the identity
component of the special fiber of E . Let ρ : Aut(E,O) → Aut(E0, O|E0) be the natural
map obtained from the Ne´ron mapping property and restriction. Then, ρ is injective if and
only if one of the following holds:
• char(k) 6∈ {2, 3}
• char(k) ∈ {2, 3} and E0 is not additive.
If E0 is additive, then ker(ρ) consists of all elements of order pn, where p = char(k).
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Proof. We will compute the reduction of the automorphisms explicitly using Weierstrass
equations and the description of automorphisms in [Sil09, p.411] (see also [Sil94, p.364]
for an exposition of Tate’s algorithm). Throughout, we denote by pi a uniformizer of R.
If char(k) ≥ 5, then we use a minimal and integral Weierstrass equation
y2 = x3 + a4x+ a6.
Since all g ∈ Aut(E,O) are of the form g : (x, y) 7→ (ζ2x, ζ3y) for some 12-th root of
unity ζ , they induce non-trivial automorphisms of E0 independently of a4 and a6.
If char(k) = 3, then we use a minimal and integral Weierstrass equation
y2 = x3 + a2x
2 + a4x+ a6.
If a2 6= 0, then the same argument as before works, so we may assume a2 = 0. Then, an
automorphism g ∈ Aut(E,O) is given by g : (x, y) 7→ (ζ2x + r, ζ3y), where ζ4 = 1 and
r3 + a4r + (1 − ζ2)a6 = 0. If ζ 6= 1, then ρ(g) 6= id, since ζ does not depend on a4 and
a6. But if ζ = 1 and r = ±
√−a4, then ρ(g) is trivial if and only if pi | a4, i.e. if and only
if E0 is of additive type.
If char(k) = 2, then we use a minimal and integral Weierstrass equation
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6.
The inversion involution g ∈ Aut(E,O) is given by (x, y) 7→ (x, y + a1x + a3). Thus,
ρ(g) is trivial if and only if pi | a1, a3, i.e. if and only if E0 is of additive type. Now if
j(E0) = 0, then we can assume a1 = a2 = 0. An automorphism g ∈ Aut(E,O) is given
by g : (x, y) 7→ (ζ2x+ s2, ζ3y + ζ2sx+ t), where ζ3 = 1, s4 + a3s+ (1− ζ)a4 = 0 and
t2 + a3t+ s
6 + a4s
2 = 0. If ζ 6= 1, then we have ρ(g) 6= id. Therefore, assume ζ = 1 and
s3 + a3 = 0. Now, ρ(g) = id and if and only if pi | a3, i.e. if and only if E0 is additive.

Proof of Lemma 2.17. Since X˜ → X is e´tale of degree 2, every (−2)-curve on X splits
into two disjoint (−2)-curves on X˜ . In particular, N splits into two (−2)-curves N+ and
N−. We claim that a general fiber of pi also splits into two components. Indeed, suppose
that a general fiber does not split into two components. Then, char(k) = 2 and σ acts
on every fiber of p˜i. Since σ is fixed point free and additive and supersingular fibers do
not admit fixed point free involutions, every fiber of p˜i would have to be multiplicative or
ordinary, which is absurd. Both N+ and N− have to be sections of the fibration p˜i, since a
general fiber of pi splits into two components F1 and F2, both of which are fibers of p˜i, and
therefore 2 = N.F = 2N+.F1 = 2N−.F1.
Next, we show that J(σ) is indeed an involution. Let F0 be the identity component of a
fiber of p˜i which is fixed (not necessarily pointwise) by σ. Note that F0 is either multiplica-
tive or smooth by Proposition 2.5. Since σ is fixed point free, it induces a translation on
F0 if F0 is smooth. Moreover, because J(σ)(N+) = t	N− ◦ σ(N+) = N+, J(σ)|F0 is the
identity if F0 is smooth, and it can have at most order 2 if F0 is multiplicative. Together
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we obtain J(σ)2|F0 = id in any case. Now, J(σ)2 fixes p˜i and hence it is an automorphism
of the generic fiber of p˜i fixing the zero section N+. By Lemma 2.18, J(σ)2 = id, because
it restricts to the identity on F0. Since J(σ)(N+) = N+, this section descends to the
quotient and we obtain J(pi).
Finally, if pi has a singular double fiber F of type In, the preimage of F in X˜ is a fiber
F ′ of p˜i of type I2n, since this happens with the corresponding fiber on the Jacobian. Now,
σ has to act without fixed points, hence it acts as a rotation of order 2 on the corresponding
A˜2n−1 diagram, while J(σ) fixes the diagram. In particular, the preimage of N meets two
opposite curves of the diagram, i.e. N− does not meet the identity component of F ′ if we
choose N+ to be the zero section of p˜i. 
In particular, we obtain a distinguished non-zero section of p˜i if p˜i arises as the base
change of a special elliptic fibration pi of an Enriques surface with a given special bisection.
Conversely, we will see that we can reconstruct pi from J(pi) by exhibiting a suitable
section on a degree 2 base change of J(pi). This has been studied by K. Hulek and M.
Schu¨tt in [HS11] using quadratic twists. Since in our case J(pi) is an extremal and rational
elliptic fibration and extremal and rational elliptic surfaces are classified, we can approach
the classification problem in a very explicit way. First, let us clarify what we mean by a
”suitable section”.
Definition 2.19. Let J(pi) : J → P1 be an elliptic fibration of a rational surface J with
zero section N+. Let ϕ : P1 → P1 be a separable degree 2 morphism such that no branch
point of ϕ is a point of additive reduction of J(pi). If char(k) = 2, assume further that
the branch point is not a point of good supersingular reduction of J(pi). Then, a minimal
proper smooth model of the base change p˜i of J(pi) along ϕ is an elliptic fibration of a K3
surface X˜ . Denote the zero section of p˜i also by N+ and let J(σ) be a covering involution
of X˜ → J such that J(σ)(N+) = N+. A section N− of p˜i is called a J(pi)-Enriques
section of p˜i if
(1) N−.N+ = 0,
(2) J(σ)(N−) = 	N−, and
(3) N− does not meet the identity component of the fiber over ϕ−1(x) if ϕ is branched
over a point x with J(pi)−1(x) singular.
Remark 2.20. Observe that these are exactly the properties satisfied byN− in Lemma 2.17
(3).
Remark 2.21. We will encounter several examples of such J(pi)-Enriques sections through-
out this paper. The quickest way to achieve conditions (1) and (2) is to take for N− an
everywhere integral (i.e. N−.N+ = 0) 2-torsion section of p˜i, since such a section will be
a base change of a 2-torsion section of J(pi). However, this does not guarantee condition
(3) to hold, as we will see later.
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The following is the main ingredient in our approach to the classification. Over the com-
plex numbers, this is implicitly contained in [Kon86] (for a variation of this, see [HS11]).
Proposition 2.22. With notation as in the above definition, let N− be a section of p˜i such
that J(σ)(N−) = 	N− and N+.N− = 0. Then, the quotient of X˜ by the involution
σ := tN− ◦ J(σ) is an Enriques surface X with a special elliptic fibration pi induced by p˜i
if and only if N− is a J(pi)-Enriques section. The Jacobian of pi is J(pi) and the double
fibers of pi occur over the branch points of ϕ.
Proof. Let us first show that σ is an involution. Denote by F0 a fiber which is fixed (not
necessarily pointwise) by J(σ). We have σ2|F0 = tN− |F0 ◦ J(σ)|F0 ◦ tN−|F0 ◦ J(σ)|F0 =
tN−|F0 ◦ t	N−|F0 = id|F0 and since F0 is either multiplicative or smooth and σ2 fixes p˜i
and N+, we obtain σ2 = id by Lemma 2.18.
Since translation by a section fixes all fibers and J(σ) fixes at most two fibers F0 and F1,
we have Fix(σ) ⊆ F0 ∪ F1. If F ∈ {F0, F1} is smooth, we claim that J(σ) acts trivially
on F . In characteristic different from 2, this follows because J(σ) acts non-trivially on
a global 2-form, and in characteristic 2, J(σ)|F is either the identity or a hyperelliptic
involution, since it fixes N+ and F is ordinary. The latter case is impossible by [DK01,
Theorem 1]. Since J(σ) acts trivially on a smooth fiber F ∈ {F0, F1} and N−.N+ = 0,
σ|F = tN−|F will have no fixed points on F . As for a multiplicative fiber F ∈ {F0, F1},
J(σ) fixes the components of F (not necessarily pointwise), hence σ has fixed points if
and only if N− meets the identity component of this fiber, i.e. if and only if N− is not a
J(pi)-Enriques section.
Now, if N− is a J(pi)-Enriques section, this means that the quotient of X˜ by σ is an
Enriques surface X . Moreover, the divisors F and N+ + N− are fixed by σ and thus
descend to X , giving a special elliptic fibration pi on X . Additionally, F0 and F1 descend
to the two double fibers of pi and J(pi) is the Jacobian of pi by construction. 
Remark 2.23. If σ has fixed points , we claim that it actually has a fixed locus of dimension
1. To see this, note that σ fixing two points on a (−2)-curve in characteristic 2 means that
the whole curve is fixed (see also [DK01]). For the other characteristics, we refer the
reader to [Zha98]. After contracting the fixed locus, the quotient by σ is nothing but a
rational log Enriques surface of index 2 [Zha91] and its minimal resolution is a Coble
surface (see [DZ01]). We will not study these surfaces here, but the attentive reader will
see them occur naturally as degenerations of the models we give for the surfaces in our
Main Theorem.
Remark 2.24. We see from the proof that one can also obtain an Enriques surface as quo-
tient by σ if one weakens the assumptionN+.N− = 0 toN+∩N−∩F0 = N+∩N−∩F1 =
∅. However, in general, this will not produce a smooth bisection. For more on this, see
[HS11].
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With this explicit and universal construction at our disposal, we can have a look at
the relation between special bisections of an elliptic fibration of an Enriques surface and
sections of its Jacobian.
Corollary 2.25. Let pi be a special elliptic fibration of an Enriques surface X with a
special bisection N splitting into N+ and N− on the K3 cover X˜ of X . There is a map
jac2 : MW(J(pi))→ {special bisections of pi},
which is
• injective if N− is not 2-torsion after fixing N+ as the zero section, and
• 2-to-1 onto its image otherwise.
Moreover, MW(J(pi)) acts transitively on the image of jac2 via its action on X .
Proof. We use the notation of Lemma 2.17. There is a natural injection MW(J(pi)) →
MW(p˜i) and using this, we will consider sections of J(pi) as sections of p˜i by abuse of
notation. Let P ∈ MW(J(pi)). Since P comes from J(pi), it is fixed by J(σ). Now, we
compute
P.σ(P ) = P.(tN− ◦ J(σ))(P ) = P.(P ⊕N−) = N+.N− = 0.
Therefore, the divisor P + σ(P ) descends to a (−2) curve jac2(P ) on X , which is nec-
essarily a bisection of pi, since 2 = (P + σ(P )).F˜ = jac2(P ).F , where F˜ (resp. F ) is
a general fiber of p˜i (resp. pi). For the injectivity, observe that σ(P ) ∈ MW(J(pi)) if and
only if J(σ)(σ(P )) = σ(P ), i.e. if and only if
P ⊕N− = (tN− ◦ J(σ))(P ) = σ(P ) = J(σ)(σ(P )) = P 	N−,
which happens if and only ifN− is 2-torsion. The statement about the action of MW(J(pi))
is clear by construction of jac2. 
To compute the intersection behaviour of the special bisections obtained via jac2, we
will use the height pairing on MW(p˜i).
Proposition 2.26. (Shioda [Shi90]) Let p˜i be an elliptic fibration of a K3 surface with zero
section N+. The pairing
MW(p˜i)×MW(p˜i) → Q
(P,Q) 7→ 〈P,Q〉 = 2 + P.N+ +Q.N+ − P.Q−
∑
ν∈P1
contrν(P,Q),
where the contrν(P,Q) are local correction terms depending on the intersection of P and
Q with the fiber over ν, is a symmetric, bilinear pairing on MW(p˜i), which induces the
structure of a positive definite lattice on MW(p˜i)/MW(p˜i)tors. It is called the height pairing
on MW(p˜i). We write h(P ) for 〈P, P 〉.
16 GEBHARD MARTIN
Remark 2.27. Note that this implies immediately that h(P ) = 0 if and only if P ∈
MW(p˜i)tors. Moreover, 〈P,Q〉 = 0 as soon as P or Q is in MW(p˜i)tors.
For the reader’s convenience, we recall the correction terms of the height pairing fol-
lowing [SS10, p.52]. First, we have to fix a numbering of the simple components of a
reducible fiber Fν of an elliptic fibration pi with zero section N+ depending on the dual
graph Γ of Fν . In any case, denote the component of Fν which meets N+ by E0.
• If Γ = A˜n−1, denote the components of Fν by E0, . . . , En−1 such that Ei.Ej = 1
if and only if i− j = ±1 mod n.
• If Γ = D˜n+4, denote the simple components of Fν by E0, E1, E2, and E3 such that
E1 is a simple component with minimal distance to E0.
Now, let P,Q ∈ MW(pi) such that P meetsEi andQmeetsEj and assume i ≤ j. If i = 0,
the correction term is 0. Otherwise, the value of contrν(P,Q) is given in the following
Table 4.
Γ E˜7 E˜6 D˜n+4 A˜n−1
Case i = j 3
2
4
3
{
1 if i = 1
1 + n
4
else
i(n−i)
n
Case i < j - 2
3
{
1
2
if i = 1
1
2
+ n
4
else
i(n−j)
n
TABLE 4. Correction terms for the height pairing
2.3. Example. We keep the notation introduced in the previous subsection. Since we
know how sections coming from J(pi) intersect the fibers of p˜i, we can compute the inter-
section behaviour of the corresponding bisections on X once we know how N− intersects
the fibers of p˜i. But this is already determined by the intersection behaviour of the special
bisection N on X with the fibers of pi. We will leave these computations to the reader but
give a detailed description of the procedure in the following example.
Suppose an Enriques surface contains the following dual graph of (−2)-curves with N
as indicated:
•
•
•
•
•
•
•
•
• • •N
ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP 17
This is the dual graph of a special elliptic fibration with a singular fiber of type I8
and a double fiber of type I2. Note that the I2 fiber has to be double, since N meets its
components only once and N is a bisection. On the K3 cover, this yields the following
configuration:
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
• •
•
N+
N−
On the other hand, we know that the Jacobian of pi together with its four sections
P1, P2, P3, and P4 has the following dual graph:
P3
P4
P2
P1•
•
•
•
•
•
•
•
• • •
•
•
•
One can explicitly compute the dual graph of a degree 2 base change of J(pi) ramified
over the I2 fiber (and not ramified over I8):
P1
P3
P2
P4
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
• •
•
•
•
To put this picture together with the second one, we setN+ = P1 as the zero section, add
the sections N− ⊕ Pi for all i to the diagram and calculate the intersection of N− with Pi
using the height pairing and the equality 0 = 〈Pi, N−〉 = 2−N−.Pi−
∑
ν contrν(Pi, N
−)
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which follows from Remark 2.27. By using translations, we obtain the remaining inter-
section numbers and the following graph, where we denote Pi and Pi ⊕ N− by P+i and
P−i respectively:
P2.N
− = P4.N− = 2−
(
6
8
+
2
8
+ 1
)
= 0; P3.N
− = 2−
(
4
8
+
4
8
)
= 1
N+
N−
P+3
P−3
P+2
P−2
P+4
P−4
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
• •
•
•
•
•
•
•
•
This gives the following configuration on the quotient Enriques surface, where we de-
note the special bisection corresponding to Pi again by Pi:
•
•
•
•
•
•
•
•
• • •
••
• N
P2P3
P4
In fact, we can produce six more (−2)-curves using different fibrations with a double
I3 fiber to obtain the dual graph of type VII. For example, one may look at the following
subgraph:
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•
•
•
•
•
•
• • •
•
•
N1
By Proposition 2.12, the (−2)-curve N1 is a special bisection of a fibration with fibers
I6, I3 (not IV, since it is double) and another reducible fiber. By Lemma 2.15, the corre-
sponding fibration is extremal and by Table 3, the last reducible fiber is of type I2 (resp. III
in characteristic 3) and it is simple, since N1 meets its reduced components twice. Hence,
we can add the missing component of the I2 (resp. III) fiber to the graph. Similarly, one
finds five more (−2)-curves and finally obtains the dual graph of type VII. The configura-
tion we started with is what we will later call the ”critical subgraph of type VII”, since we
have shown that any Enriques surface containing this graph is of type VII.
Remark 2.28. Note that the crucial point in all examples is the computation of the intersec-
tion numbers of the bisections using the height pairing. The intersection of the bisections
obtained via jac2 with the fibers is just a ”translation” of the intersection of N with the
fibers. In particular, the process is much easier if N− is a 2-torsion section, since the
bisections arising via jac2 are disjoint.
2.4. Vinberg’s criterion and numerically trivial automorphisms. In order to check
that the (−2)-curves in the graphs for types I, . . . ,VII are all (−2)-curves on the Enriques
surface, one uses Vinberg’s criterion.
Proposition 2.29. (Vinberg [Vin75, Theorem 2.6]) Let Γ be a dual graph of finitely many
(−2)-curves on an Enriques surface X . Suppose that Γ contains no m-tuple lines with
m ≥ 3 and suppose that the cone K = {C ∈ Num(X)R|C.E ≥ 0 for all E ∈ Γ} is
strictly convex. Then, the group WΓ generated by reflections along (−2)-curves in Γ has
finite index in O(Num(X)) if and only if the fibration pi induced by every subgraph F of
Γ of type A˜-D˜-E˜ is extremal and Γ contains the dual graph of singular fibers of pi. In this
case, Γ is the dual graph of all (−2)-curves on X .
Remark 2.30. This is a reformulation of the version of Vinberg’s criterion presented by
Kondo¯ [Kon86, Theorem 1.9]. The last statement is due to Namikawa [Nam85, (6.9)].
The strict convexity of K can be achieved, for example, if Γ contains the dual graph of
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singular fibers of an elliptic fibration pi and also contains another (−2)-curve which is not
contained in a fiber of pi.
The following corollary is a straightforward application of Vinberg’s criterion.
Corollary 2.31. Let X be an Enriques surface whose dual graph of all (−2)-curves con-
tains a graph Γ which is one of the seven dual graphs in the Main Theorem. Then, the
(−2)-curves in Γ are all (−2)-curves on X .
Therefore, we can check the action of Aut(X) on Num(X) directly on the dual graph
of (−2)-curves on X .
Definition 2.32. An automorphism of an Enriques surface X is called numerically trivial
if it acts trivially on Num(X). It is called cohomologically trivial if it acts trivially on
Pic(X). We denote the respective groups by Autnt(X) and Autct(X).
Recall that Num(X) is a quotient of Pic(X), hence Autct(X) is a normal subgroup of
Autnt(X). Over the complex numbers a complete classification of such automorphisms
is available (see [MN84] and [Muk10]). There are three types of Enriques surfaces X
with numerically trivial automorphisms and they satisfy Autnt(X) ∈ {Z/2Z,Z/4Z}. In
positive characteristics, however, we only have bounds on the size of these groups.
Proposition 2.33. (Dolgachev [Dol13]) Let X be an Enriques surface. Then,
|Autct(X)| ≤ 2 and |Autnt(X)/Autct(X)| ≤ 2.
However, we will not use this result, since we are interested in the precise shape of the
automorphism group. Therefore, we give explicit arguments in every case.
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3. ENRIQUES SURFACES OF TYPE I
3.1. Main theorem for type I.
Theorem 3.1. Let X be an Enriques surface. The following are equivalent:
(1) X is of type I.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 1.
• • • • • • •
•
•
•
•
FIGURE 1. Critical subgraph for type I
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 + β(s2 + s)xy = x3 + β3(s2 + s)3x
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦J(σ), where J(σ) : s 7→ −s− 1 and tN− is translation by N− = (0, 0).
Proof. First, observe that the dual graph of type I (see Table 1) contains the graph in Figure
1.
This subgraph can be interpreted as the dual graph of a special elliptic fibration pi with
singular fibers III∗ and I2 (not III, since this fiber is a double fiber) and special bisection
N as follows, where the dotted rectangles mark the fibers:
• • • • • • •
•
•
•
•
N
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As explained in Lemma 2.17, N splits into two sections N+ and N− of the elliptic
fibration p˜i induced by pi on the K3 cover X˜ . Fixing N+ as the zero section, we can
compute h(N−) = 0 and we see that N− is a 2-torsion section of p˜i. Starting from the
subgraph in Figure 1, we get the last missing (−2)-curve from the elliptic fibration with a
double fiber of type I8, which is induced by the A˜7 diagram, as follows: The fibration is
extremal by Lemma 2.15, the second reducible fiber is of type I2 (resp. III in characteristic
2) by Table 3 and the intersection behaviour can be determined from the dual graph. These
are all (−2)-curves on X by Corollary 2.31.
Now, we pursue the converse process dictated by Proposition 2.22 and calculate all
elliptic fibrations of K3 surfaces obtained as separable quadratic base changes of J(pi)
together with a section having the same intersection behaviour asN− with curves obtained
from (−2)-curves on X .
By [JLR12] we have the following equation for the unique rational elliptic surface with
singular fibers of type III∗ and I2
y2 + txy = x3 + t3x,
where t is a coordinate on P1. The I2 fiber is at t = ∞, while the III∗ fiber is at t = 0.
Moreover, if char(k) 6= 2, there is an I1 fiber at t = 64 and all other fibers are smooth. The
non-trivial 2-torsion section is s = (0, 0).
In every characteristic, we can write a degree 2 morphism P1 → P1 with t = ∞ as
branch point and which is not branched over t = 0 in the form
t 7→ β(s2 + s),
where s is the new parameter on P1 and β ∈ k−{0}. We are allowed to assume that t = 0
is not a branch point, since the III∗ fiber is not multiple. The covering involution is given
by J(σ) : s 7→ −s − 1. The second branch point of this degree 2 cover in characteristic
different from 2 is at t = −β
4
, which corresponds to s = −1
2
. Now, we get the equation
y2 + β(s2 + s)xy = x3 + β3(s2 + s)3x
together with the 2-torsion section s′ = (0, 0) obtained by pulling back s. This equation
defines an elliptic fibration p˜i on a K3 surface. As explained in Section 2.2, if p˜i is obtained
as base change of a fibration of an Enriques surface, then s′ = N− and σ is the covering
involution. 
Remark 3.2. Note that we have not yet claimed existence of Enriques surfaces of type I.
However, we have reduced this problem to the question whether N− is a J(pi)-Enriques
section or not. We answer this question in the subsection on degenerations and moduli.
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3.2. Automorphisms.
Proposition 3.3. Let X be an Enriques surface of type I. Then, Aut(X) ∼= D4 and this
group is generated by automorphisms induced by 2-torsion sections of the Jacobian fibra-
tions of elliptic fibrations of X . Moreover, Autnt(X) ∼= Z/2Z and Aut(X)/Autnt(X) =
(Z/2Z)2.
Proof. Recall that the dual graph of type I is as follows:
As has already been explained by Kondo¯ [Kon86, p.205] and Dolgachev [Dol84, p.175],
the symmetry group of the dual graph of (−2)-curves is (Z/2Z)2 and the 2-torsion section
of the fibration pi induced by the linear system |2(F9 + F11)| acts as a reflection along the
horizontal axis, while the 2-torsion section of the fibration induced by |F11 + F12| acts
trivially on the graph. A non-trivial numerically trivial automorphism g fixes F3 and F7
pointwise, hence g fixes the fibration pi and at least one geometric point on the generic
fiber of pi. Since pi is non-isotrivial, g is the unique hyperelliptic involution of the generic
fiber of pi fixing the geometric points defined by F3 and F7. Since Aut(X) contains a
translation by a 4-torsion section of the Jacobian of |F11 + F12|, it suffices to observe that
the 2-torsion section of a fibration with I∗4 fiber acts as a reflection along the vertical axis
to show that Aut(X) ∼= D4. This follows from Corollary 2.25. 
3.3. Degenerations and Moduli.
Proposition 3.4. Let β 6= 0 and
y2 + β(s2 + s)xy = x3 + β3(s2 + s)3x
be the Weierstrass equation of an elliptic fibration p˜iβ with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s − 1 and tN− is translation
by the section N− = (0, 0). Then, the following statements are true:
(1) σ is fixed point free if and only if β 6= −256. If β = −256, then the fixed locus of
σ is one (−2)-curve.
(2) Two fibrations p˜iβ and p˜iβ′ are isomorphic up to automorphisms of P1 if and only if
β = β′.
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Proof. For the first claim, by Lemma 2.22, we have to check whether N− is a J(pi)-
Enriques section. First, observe that N−.N+ = 0, J(σ)(N−) = N− = 	N− and N−
does not meet the I4 fiber in the identity component. Therefore, we are done if the sec-
ond fiber fixed by J(σ), namely F− 1
2
, is smooth. This happens if and only if β 6= −256
and otherwise F− 1
2
is an I2 fiber. In the latter case, N− does not meet the singular point
(−29, 214) of the Weierstrass equation at s = −1
2
and therefore it meets the identity com-
ponent of F− 1
2
. Hence, N− is not a J(pi)-Enriques section in this case and σ is not fixed
point free by Proposition 2.22.
The second claim follows immediately from a comparison of j-invariants, since in any
characteristic and independently of β, the locations of the III∗ and I4 fibers are at s =
−1, 0,∞. 
We have seen in the previous subsection that the two elliptic fibrations with singular
fiber III∗ on an Enriques surface of type I are isomorphic. Therefore, we can describe the
moduli space of these Enriques surfaces using the previous proposition.
Corollary 3.5. Enriques surfaces of type I are parametrized by A1 − {0,−256} in every
characteristic.
While β ∈ {0,∞} leads to very degenerate surfaces, we still get an involution if β =
−256, while the K3 surface acquires an additional rational double point. The minimal
resolution of the quotient is a Coble surface (see also Remark 2.23).
4. ENRIQUES SURFACES OF TYPE II
4.1. Main theorem for type II.
Theorem 4.1. Let X be an Enriques surface. The following are equivalent:
(1) X is of type II.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 2.
•
•
• •
•
•
• •
•
•
•
FIGURE 2. Critical subgraph for type II
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 + β(s2 + s)xy + β2(s2 + s)2y = x3 + β(s2 + s)x2
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such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦J(σ), where J(σ) : s 7→ −s− 1 and tN− is translation by N− = (0, 0).
Proof. First, observe that the dual graph of type II (see Table 1) contains the graph in
Figure 2.
This subgraph can be interpreted as the dual graph of a special elliptic fibration pi with
singular fibers I∗1, I4 and special bisection N as follows, where the dotted rectangles mark
the fibers:
•
•
• •
•
•
• •
•
•
•N
Note that the I4 fiber is a double fiber. Similarly to the case of type II, we compute
h(N−) = 0 and find the last missing (−2)-curves via jac2.
We found the following equation for the unique rational elliptic surface with singular
fibers of type I∗1 and I4 in arbitrary characteristic
y2 + txy + t2y = x3 + tx2,
where t is a coordinate on P1. The I4 fiber is at t = ∞, while the I∗1 fiber is at t = 0.
Moreover, if char(k) 6= 2, then there is an I1 fiber at t = 16 and all other fibers are smooth.
The non-trivial 2-torsion section is s = (0, 0).
In every characteristic, we can write every degree 2 morphism P1 → P1 with t =∞ as
branch point that is not branched over t = 0 in the following form
t 7→ β(s2 + s),
where s is the new parameter on P1 and β ∈ k − {0}. The covering involution is given
by s 7→ −s− 1. The second branch point of this degree 2 cover in characteristic different
from 2 is at t = −β
4
. Now, we get the equation
y2 + β(s2 + s)xy + β2(s2 + s)2y = x3 + β(s2 + s)x2
together with the 2-torsion section s′ = (0, 0) obtained by pulling back s. This equation
defines an elliptic fibration p˜i on a K3 surface. As explained in Section 2.2, if p˜i is obtained
as base change of a fibration of an Enriques surface, then s′ = N− and σ is the covering
involution. 
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4.2. Automorphisms.
Proposition 4.2. Let X be an Enriques surface of type II. Then, Aut(X) ∼= S4 and
this group is generated by automorphisms induced by 2-torsion sections of the Jacobian
fibrations of elliptic fibrations of X . Moreover, Autnt(X) ∼= {1}.
Proof. Kondo¯’s proof works in arbitrary characteristic [Kon86, p.208] once we show that
the surface has no numerically trivial automorphisms. Recall that the dual graph of (−2)-
curves for type II is as follows:
A numerically trivial automorphism g fixes the two bisections F1 and F7 of the non-
isotrivial fibration pi induced by the linear system |2(F9 + F10 + F11 + F12)| pointwise.
Both F1 and F7 are separable (i.e. the projection to the base curve is separable) bisections
of pi, since they meet distinct points on the I∗1 fiber, hence g fixes at least four geometric
points on the generic fiber of pi. If char(k) = 2, then g is trivial. If char(k) 6= 2, then
we may assume that g is non-trivial. Then, g is a hyperelliptic involution of pi and the
four geometric points on the generic fiber are 2-torsion points relative to each other. But
in characteristic different from 2, pi has an I1 fiber which has only two 2-torsion points.
Therefore, F1 and F7 would have to meet, but they do not. Hence, g is trivial.

4.3. Degenerations and Moduli. As in the case of type I, one proves the following.
Proposition 4.3. Let β 6= 0 and
y2 + β(s2 + s)xy + β2(s2 + s)2y = x3 + β(s2 + s)x2
be the Weierstrass equation of an elliptic fibration p˜iβ with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s − 1 and tN− is translation
by the section N− = (0, 0). Then, the following statements are true:
(1) σ is fixed point free if and only if β 6= −64. If β = −64, the fixed locus of σ is one
(−2)-curve.
(2) Two fibrations p˜iβ and p˜iβ′ are isomorphic up to automorphisms of P1 if and only if
β = β′.
Corollary 4.4. Enriques surfaces of type II are parametrized by A1 − {0,−64} in every
characteristic.
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As in the case of type I, the cases where β ∈ {0,∞} are very degenerate surfaces and
β = −64 leads to a Coble surface.
5. ENRIQUES SURFACES OF TYPE III
5.1. Main theorem for type III.
Theorem 5.1. Let X be an Enriques surface. The following are equivalent:
(1) X is of type III.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 3.
• • • •
• • • •
•
• • • •
FIGURE 3. Critical subgraph for type III
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 + xy = x3 + 4s4x2 + s4x
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by N− = (0, 0).
Moreover, Enriques surfaces of type III do not exist in characteristic 2.
Proof. Note that the dual graph of type III (see Table 1) contains the graph in Figure 3.
The subgraph in Figure 3 can be interpreted as the dual graph of a special elliptic fi-
bration pi with singular fibers (I4, I4, I2, I2) and special bisection N as follows, where the
dotted rectangles mark the fibers:
• • • •
• • • •
•
• • • •
N
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As before, the bisection N splits into two sections N+ and N− of the elliptic fibration p˜i
induced by pi on the K3 cover X˜ . Fixing N+ as the zero section, we compute h(N−) = 0
and we see that N− is a 2-torsion section of p˜i meeting the I8 fibers in a non-identity
component.
Note that the existence of this fibration already implies non-existence of this type of
Enriques surfaces in characteristic 2, since a fibration with singular fibers (I4, I4, I2, I2)
does not exist on rational surfaces in characteristic 2, as can be seen in Table 3.
Now, Corollary 2.25 gives three more (−2)-curves resulting in the following graph:
• • • •
• • • •
•
• • • •
• •
•
We find a graph of an elliptic fibration with singular fibers (I∗0, I
∗
0) and special bisection
N :
N
• • •
• • •
•
•
• •
•
With the usual notation, we compute h(N−) = 2 and add two bisections coming from
Corollary 2.25. In the following figure, we only added one of these bisections to maintain
readability:
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• • • •
• • • •
•
• • • •
• •
•
•
Note that one of the bisections arising via jac2 has already been part of the graph to
begin with. Hence, it remains to produce two more (−2)-curves using another fibration.
We leave the details to the reader.
By [JLR12], we have the following equation for the unique rational elliptic surface with
singular fibers of type (I4, I4, I2, I2) in characteristic different from 2 (the equation can be
simplified over Z)
y2 + xy = x3 + 4t2x2 + t2x,
where t is a coordinate on P1. The I4 fibers are at t = 0,∞, while the I2 fibers are
at t = ±1
4
. The non-trivial 2-torsion sections are s1 = (−4t2, 2t2), s2 = (0, 0) and
s3 = (−14 , 18).
In characteristic different from 2, we can write a degree 2 morphism P1 → P1 with
t = 0,∞ as branch points in the following form
t 7→ s2,
where s is the new parameter on P1. The covering involution J(σ) is given by s 7→ −s.
Now, we get the equation
(5.1) y2 + xy = x3 + 4s4x2 + s4x
together with the 2-torsion sections s′1 = (−4s4, 2s4), s′2 = (0, 0) and s′3 = (−14 , 18)
obtained by pulling back s1,s2 and s3. All of them are J(σ)-(anti-)invariant. However, s′1
(resp. s′3) meets the identity component of the fiber at s =∞ (resp. s = 0). Therefore, s′2
is the section we are looking for.

Remark 5.2. Note that Equation (5.1) has an automorphism ι : s 7→ √−1s which com-
mutes with σ. Therefore, ι induces an automorphism of the Enriques surface, which we
will also denote by ι. Moreover, ι fixes the 2-torsion sections of (5.1). Note also that this
automorphism acts as
√−1 on a non-zero global 2-form of the K3 surface.
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5.2. Automorphisms.
Proposition 5.3. Let X be an Enriques surface of type III. Then, Aut(X) ∼= (Z/4Z ×
(Z/2Z)2) o D4 and this group is generated by automorphisms induced by 2-torsion sec-
tions of the Jacobian fibrations of non-isotrivial elliptic fibrations of X and the auto-
morphism exhibited in Remark 5.2. Moreover, Autnt ∼= Z/2Z and Aut(X)/Autnt(X) =
(Z/2Z)3 oD4.
Proof. Recall that the dual graph of (−2)-curves for type III is as follows:
Let us first show that |Autnt(X)| ≤ 2. Consider the elliptic fibration pi induced by the
linear system |2(E3+E4+E5+E11)| and let g ∈ Autnt(X) be a non-trivial automorphism.
If g fixes one of the bisections E2, E9, E6 and E12 pointwise, then it is the hyperelliptic
involution of the generic fiber of pi fixing the geometric points defined by the bisection.
Moreover, g induces a unique involution on such a bisection if it acts non-trivially on it. In
any case, ord(g) = 2n for some n ∈ N and, since char(k) 6= 2, g is tame. The fixed locus
of a tame automorphism is smooth by the Lefschetz fixed point formula [Ive72]. Since
g fixes E1, E3, E5 and E7 pointwise, it has to act non-trivially on E2, E9, E6 and E12. In
particular, g is unique.
As explained by Kondo¯ [Kon86, p.214], the automorphism group of the graph is the
same as the automorphism group of the subgraph Σ generated by {Ei}i∈{1,...,12}, which is
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(Z/2Z)4oD4. Moreover, since the intersection behaviour of the curves is the same in any
characteristic, it is still true that only an index 2 subgroup of Aut(Σ) may be realized.
As for the realization of the automorphisms, note the following:
• A reflection rd along a diagonal axis is realized by a 2-torsion section of the Jaco-
bian of |E2 + E9 + E6 + E12 + 2(E1 + E7 + E8)|.
• A reflection rv along the vertical axis is realized by the 2-torsion section of the
Jacobian of |E2 + E9 + E8 + E10 + 2(E3 + E4 + E5 + E6 + E7)|.
• There is a 2-torsion section of the Jacobian of the fibration |2(E3 +E4 +E5 +E11)|
which interchanges E2 and E9 as well as E6 and E12 while fixing E4, E11, E8 and
E10. Another 2-torsion section of the same fibration induces the numerically trivial
involution.
• After fixing E6 as a special bisection N of |2(E3 +E4 +E5 +E11)|, the automor-
phism ι of Remark 5.2 fixes E6 and E12 and interchanges E2 and E9. Moreover, it
acts non-trivially on exactly one of the pairs (E3, E10) and (E4, E11).
These facts are checked by using Corollary 2.25 and following through the construction
of jac2. Now, note that we can compute the pointwise stabilizer G of the set {E1, E3,
E5, E7} using Equation (5.1). It is generated by ts1 , ts3 and ts2 as well as ι and the inversion
involution. All these automorphisms commute with each other and ι2 = ts2 , hence G ∼=
Z/4Z× (Z/2Z)2. Therefore, we have a short exact sequence
0 // G // Aut(X) // D4 // 0.
We claim that this sequence splits. Indeed, by [MO14, Corollary 4.7 and Section 7.1], a
tame semi-symplectic automorphism (i.e. an automorphism acting trivially on H0(X, ω⊗2X ))
has order at most 6. We have realized all reflections using translations by 2-torsion sec-
tions, which are semi-symplectic, since they fix the base of an elliptic fibration and act as
translation on the fibers, and tame, since we are working in characteristic different from
2. Therefore, rd ◦ rv has order 4 and the group generated by rd and rv is a subgroup of
Aut(X) isomorphic to D4. Hence, the sequence splits and the proof is finished. 
Remark 5.4. In particular, note that Aut(X) is not a semi-direct product (Z/2Z)4 o D4.
This was already observed by H. Ohashi in [Oha15] and corrects a small mistake in
[Kon86].
5.3. Degenerations and Moduli. This is similar to the first two cases. However, the
involution is always fixed point free, since the branch points of the degree 2 map of P1s do
not move.
Proposition 5.5. Assume char(k) 6= 2. Let
y2 + xy = x3 + 4s4x2 + s4x
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be the Weierstrass equation of an elliptic fibration p˜i with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by the
section N− = (0, 0). Then, σ is fixed point free.
Corollary 5.6. Enriques surfaces of type III exist if and only if char(k) 6= 2. Moreover,
they are unique if they exist.
Remark 5.7. The equation we took from [JLR12] for J(pi) makes sense in characteristic
2, where it defines a rational elliptic surface with singular fibers I4 at t = 0 and I∗1 at
t = ∞. The degree 2 cover t 7→ s2 given in Proposition 5.5 is the Frobenius morphism
and the base change along this morphism defines a rational elliptic surface with singular
fibers (I8, III). This surface is the minimal resolution of singularities of a surface covering
a 1-dimensional family of classical Enriques surfaces with finite automorphism group of
”type VIII”, as is shown by T. Katsura, S. Kondo¯ and the author in [KKM17].
6. ENRIQUES SURFACES OF TYPE IV
6.1. Main theorem for type IV.
Theorem 6.1. Let X be an Enriques surface. The following are equivalent:
(1) X is of type IV.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 4.
• • • •
• • • •
•
• • • •
FIGURE 4. Critical subgraph for type IV
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 = x3 + 2(s4 + 1)x2 + (s4 − 1)2x
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by N− = (−(s2 −
1)2, 0).
Moreover, Enriques surfaces of type IV do not exist in characteristic 2.
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Proof. First, we observe that the dual graph of type IV (see Table 1) contains the graph in
Figure 4.
This subgraph can be interpreted as the dual graph of a special elliptic fibration pi with
singular fibers (I4, I4, I2, I2) and special bisection N as follows:
• • • •
• • • •
•
• • • •
N
The bisection N splits into two sections N+ and N− of the elliptic fibration p˜i induced
by pi on the K3 cover X˜ . Fixing N+ as the zero section, we compute h(N−) = 0 and
we see that N− is a 2-torsion section of p˜i meeting the I4 fibers coming from the I2 fibers
of pi in a non-identity component. The same argument as for type III shows that this type
cannot exist in characteristic 2.
Now, Corollary 2.25 gives three more (−2)-curves resulting in the following graph:
• • • •
• • • •
•
• • • •
••
•
Again, to produce additional (−2)-curves, we find a different special fibration with
special bisection N on this surface as follows:
34 GEBHARD MARTIN
N
• •
• • •
• •
••
•
This special fibration has one I∗0 fiber and four disjoint (−2)-curves contained in some
other fibers. Such a fibration will be extremal in any case by Lemma 2.15, so by Table 3
the fibers are (I∗0, I
∗
0). Hence, we obtain one more (−2)-curve. We leave it to the reader to
find three more such diagrams and to check that the resulting graph is the one of type IV.
We use the same equation as for surfaces of type III
y2 + xy = x3 + 4t2x2 + t2x,
where t is a coordinate on P1. Recall that the I4 fibers are at t = 0,∞, while the I2 fibers
are at t = ±1
4
. The non-trivial 2-torsion sections are s1 = (−4t2, 2t2), s2 = (0, 0) and
s3 = (−14 , 18).
In characteristic different from 2, we can write a degree 2 morphism P1 → P1 with
t = ±1
4
as branch points in the following form
t 7→ 1
4
(
s2 − 1
s2 + 1
),
where s is the new parameter on P1. The covering involution J(σ) is given by s 7→ −s.
After scaling x and y and simplifying we get the equation
(6.1) y2 = x3 + 2(s4 + 1)x2 + (s4 − 1)2x
together with the 2-torsion sections s′1 = (−(s2 − 1)2, 0), s′2 = (0, 0) and s′3 = (−(s2 +
1)2, 0) obtained by pulling back s1,s2 and s3. All of them are J(σ)-anti-invariant. How-
ever, s′2 meets the identity component of the fiber at s = 0. Moreover, the surface defined
by equation (6.1) has an automorphism ι interchanging s′1 and s
′
3 given by ι : s 7→
√−1s.
Therefore, we can choose s′1 as N
−.

Remark 6.2. It is important to observe that the fibration p˜i defined by Equation (6.1) has
more torsion sections than the ones coming from the rational surface. For example, one can
check that P = (−(s −√−1)2(s2 − 1),−2s(s −√−1)2(s2 − 1)) is a section satisfying
P ⊕ P = N−. Since tP ◦ ι commutes with σ, it will induce an automorphism of the
Enriques surface, which we will also denote by tP ◦ ι. Moreover, (tP ◦ ι)2 = tQ ◦ J(σ)
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for a 4-torsion section Q of p˜i. Again, note that tP ◦ ι acts as
√−1 on a non-zero global
2-form of the K3 surface.
6.2. Automorphisms.
Proposition 6.3. Let X be an Enriques surface of type IV. Then, Aut(X) ∼= (Z/2Z)4 o
(Z/5ZoZ/4Z) and this group is generated by automorphisms induced by sections of the
Jacobian fibrations of elliptic fibrations of X and an automorphism exhibited in Remark
6.2. More precisely, we can choose the sections in such a way that at most one of them
is not 2-torsion and that none of them is a section of an isotrivial fibration. Moreover,
Autnt ∼= {1}.
Proof. Recall that the dual graph of (−2)-curves for type IV is as follows:
We claim that Autnt(X) is trivial. Indeed, a numerically trivial automorphism g acts
trivially on the base of the fibration |2(E1 + E11)|, since this fibration has four reducible
fibers and g fixes the four bisections E2, E4, E13 and E14 pointwise, hence it is trivial.
Following [Kon86, p.217] we look at the action of Aut(X) on the set of five fibrations
{∆i|i = 1, . . . , 5} with ∆1 = |2(E1 + E11)|, ∆2 = |2(E2 + E10)|, ∆3 = |2(E5 + E15)|,
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∆4 = |2(E6 +E13)| and ∆5 = |2(E17 +E19)|. The kernel of the induced homomorphism
ψ : Aut(X) → S5 is isomorphic to (Z/2Z)4 and it is generated by translations by 2-
torsion sections of the Jacobians of the ∆i [Kon86, p.218]. From the dual graph, we see
that an automorphism of X cannot act as a permutation of order 3 or as a transposition on
{∆1, . . . ,∆5}. Now, we show that the image of ψ is the group G generated by
ϕ1 : ∆1 7→ ∆3 7→ ∆4 7→ ∆2 7→ ∆5
ϕ2 : ∆1 7→ ∆3 7→ ∆2 7→ ∆4.
Using Corollary 2.25, these permutations are realized as follows:
• The Jacobian of |E5 +E6 +E10 +E18 +E11| has a 5-torsion section which realizes
ϕ1.
• If we fix E11 as a special bisection of ∆5, we obtain a section P by Remark 6.2
such that ϕ2 is realized by the automorphism tP ◦ι. To see this, note that a 4-torsion
section of the Jacobian of ∆5 acts as ∆1 7→ ∆2; ∆3 7→ ∆4.
We have G ∼= Z/5ZoZ/4Z and, since [S5 : G] ≥ 6, this yields the claim on the image
of ψ. Now, note that we can compose tP ◦ ι with an involution interchanging the two I2
fibers of the ∆5 fibration to obtain an automorphism of order 4 realizing ϕ2. Hence, we
obtain a splitting of
0 // (Z/2Z)4 // Aut(X) // Z/5Z o Z/4Z // 0.
This finishes the proof. 
6.3. Degenerations and Moduli. Similarly to the previous case, we obtain information
about degenerations and moduli by direct calculation.
Proposition 6.4. Assume char(k) 6= 2. Let
y2 = x3 + 2(s4 + 1)x2 + (s4 − 1)2x
be the Weierstrass equation of an elliptic fibration p˜i with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by the
section N− = (−(s2 − 1)2, 0). Then, σ is fixed point free.
Corollary 6.5. Enriques surfaces of type IV exist if and only if char(k) 6= 2. Moreover,
they are unique if they exist.
7. ENRIQUES SURFACES OF TYPE V
7.1. Main theorem for type V.
Theorem 7.1. Let X be an Enriques surface. The following are equivalent:
(1) X is of type V.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 5.
ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP 37
•
•
•
•
•
•
•
•
•
•
• •
FIGURE 5. Critical subgraph for type V
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 + (s2 + 1)xy + (s2 + 1)y = x3 + (s2 + 2)x2 + (s2 + 1)x
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by N− = (−1, 0).
Moreover, Enriques surfaces of type V do not exist in characteristic 2 and 3.
Proof. First, we observe that the dual graph of type V (see Table 1) contains the graph in
Figure 5.
This subgraph can be interpreted as the dual graph of a special elliptic fibration pi with
singular fibers I6, I2 (not III, since it is double) and I3 (or IV) and special bisection N as
follows, where the dotted rectangles mark the fibers:
•
•
•
•
•
•
•
•
•
•
• •N
As before, the bisection N splits into two sections N+ and N− of the elliptic fibration
p˜i induced by pi on the K3 cover X˜ . Fixing N+ as the zero section, we can compute
h(N−) = 0 and we see that N− is a 2-torsion section of p˜i meeting the I6 and I2 fibers in a
non-identity component.
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Note that the existence of this fibration already gives non-existence of this type of En-
riques surfaces in characteristic 2 and 3, since an extremal fibration with singular fibers I6
and I2 does not exist on rational surfaces in characteristic 3 (see Table 3) and because a
fibration with two double fibers cannot exist in characteristic 2. Therefore, we will assume
char(k) 6= 2, 3 from now on.
Now, Corollary 2.25 gives two more (−2)-curves resulting in the following graph:
•
•
•
•
•
•
•
•
•
•
•
•
• •
For this example, one can use a fibration with an I∗2 fiber to produce another (−2)-curve:
•
•
•
•
•
•
•
•
•
•
•
•
• ••
As usual, the remaining curves can be found similarly.
By [JLR12], we have, after simplifying, the following equation for the unique extremal
and rational elliptic surface with singular fibers (I6, I3, I2, I1)
y2 + txy + ty = x3 + (1 + t)x2 + tx,
where t is a coordinate on P1. The I6 fiber is at t =∞, the I3 fiber is at t = 0, the I2 fiber
is at t = 1 and the I1 fiber is at t = −8. The non-trivial 2-torsion section is s = (−1, 0).
In characteristic different from 2, we can write a degree 2 morphism P1 → P1 with
t = 1,∞ as branch points in the following form
t 7→ s2 + 1,
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where s is the new parameter on P1. The covering involution J(σ) is given by s 7→ −s.
Now, we have the equation
(7.1) y2 + (s2 + 1)xy + (s2 + 1)y = x3 + (s2 + 2)x2 + (s2 + 1)x
together with the 2-torsion sections s′ = (−1, 0) obtained by pulling back s. Since s′ is
J(σ)-(anti-)invariant and meets the fibers in the correct components, it is the section we
are looking for.

7.2. Automorphisms.
Proposition 7.2. LetX be an Enriques surface of type V. Then, Aut(X) ∼= S4×Z/2Z and
this group is generated by automorphisms induced by 2-torsion sections of the Jacobian fi-
brations of elliptic fibrations ofX . Moreover, Autnt(X) ∼= Z/2Z and Aut(X)/Autnt(X) ∼=
S4.
Proof. Recall that the dual graph of (−2)-curves for type V is as follows:
We claim that |Autnt(X)| = 2. Indeed, a numerically trivial automorphism g acts
trivially on the base of the fibration |2(E1 +E2 +E3 +E4 +E5 +E6)|, since this fibration
has at least three singular fibers and g acts trivially or induces a unique involution on the
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three bisections E10,E7 and E9. By the same argument as for type III, there is at most one
such g. Now, note that the 2-torsion section of the Jacobian of this fibration acts identically
on the graph of (−2)-curves.
The automorphism group of the graph is S4 [Kon86, p.223]. It suffices to look at the
action of Aut(X) on the set {E1, E3, E5, E8}.
• Transpositions ofE5 with another curve of the set are induced by 2-torsion sections
of fibrations with a singular fiber of type I∗2. For example, there is a 2-torsion
section of the Jacobian of |E2+E6+E7+E9+2(E1+E8+E10)|which interchanges
E3 and E5 by Corollary 2.25.
• All transpositions of two curves different fromE5 are induced by 2-torsion sections
of fibrations with a singular fiber of type III∗, e.g. the 2-torsion section of the
Jacobian of |E10 +E9 + 2E1 + 2E3 + 2E7 + 3E6 + 3E4 + 4E5| interchanges E10
and E9.
Finally, we claim that these transpositions generate a subgroup of Aut(X), which is
isomorphic to S4. Indeed, this can be checked by using Equation (7.1) to compute the
stabilizer G of E1 (which is D6) and by using the fact that the maximal order of a tame
semi-symplectic automorphism is 6 (see [MO14]). This finishes the proof. 
7.3. Degenerations and Moduli. As in the previous cases, we prove the existence of this
type by explicit calculation.
Proposition 7.3. Assume char(k) 6= 2, 3. Let
y2 + (s2 + 1)xy + (s2 + 1)y = x3 + (s2 + 2)x2 + (s2 + 1)x
be the Weierstrass equation of an elliptic fibration p˜i with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by the
section N− = (−1, 0). Then, σ is fixed point free.
Corollary 7.4. Enriques surfaces of type V exist if and only if char(k) 6= 2, 3. Moreover,
they are unique if they exist.
Remark 7.5. Again, the equation makes sense in characteristic 2, where it defines a K3
surface covering a 1-dimensional family of classical and supersingular Enriques surfaces
of type VII (see [KK15]).
8. ENRIQUES SURFACES OF TYPE VI
8.1. Main theorem for type VI.
Remark 8.1. In the first five cases, every base change with the correct ramification points
produced an elliptic fibration of a K3 surface with J(pi)-Enriques section N−. This hap-
pened because the section N− was a 2-torsion section. In the last two cases, however, we
do not get this section for free.
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Lemma 8.2. Let char(k) 6= 3, J(σ) : s 7→ −s− β, and
y2 − 3(3(s2 + βs) + 1)xy + (3(s2 + βs) + 1)2y = x3
with β ∈ k − {± 2√
3
} be the Weierstrass equation of an elliptic fibration of a K3 surface.
Then, an everywhere integral, J(σ)-anti-invariant section N− meeting the fiber at s =∞
in a non-identity component exists if and only if β = ±1. Moreover, it is unique up to sign if
it exists. Both cases are isomorphic and if β = 1, the section is given byN− = (s+s2, s3).
Proof. By [Shi10, Lemma 1.2], an everywhere integral sectionN− is given by (x(s), y(s)),
where x(s) and y(s) are polynomials in s with degs(x) ≤ 4 and degs(y) ≤ 6. Now, a
lengthy, but straightforward calculation comparing coefficients gives the result. Finally,
note that the automorphism s 7→ −s exchanges both cases. 
Theorem 8.3. Let X be an Enriques surface. The following are equivalent:
(1) X is of type VI.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 6.
•
•
•
•
•
•
•
•
•
•
•
FIGURE 6. Critical subgraph for type VI
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 − 3(3s2 + 3s+ 1)xy + (3s2 + 3s+ 1)2y = x3
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦ J(σ), where J(σ) : s 7→ −s − 1 and tN− is translation by N− =
(s+ s2, s3).
Moreover, Enriques surfaces of type VI do not exist in characteristic 3.
Proof. First, observe that the dual graph of type VI (see Table 1) contains the graph in
Figure 6.
This subgraph can be interpreted as the dual graph of a special elliptic fibration pi with
singular fibers IV∗, I3 (not III, since it is double) and special 2-section N . With the same
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notation as in the previous cases, we can compute h(N−) 6= 0 and from Corollary 2.25 we
obtain two more (−2)-curves as follows:
•
•
•
•
•
•
•
•
•
•
•
••
There are three subgraphs of type A˜1 such that the graph of (−2)-curves disjoint from
this diagram together with a special bisection has the following form:
•
•
•
•
•
•
•
•
•
•
The only rational elliptic fibration with a singular fiber of type I2 and some other singular
fibers whose dual graphs contain an A5 and an A2 diagram is the one with singular fibers
(I6, I3, I2, I1) (resp. (I6, IV, I2) in characteristic 2). Using the other (−2)-curves in the
graph, one deduces that the I6 and I3 (resp. IV) fibers are simple. These fibrations give the
seven remaining (−2)-curves for the dual graph of type VI. Observe that the existence of
such a fibration excludes this case in characteristic 3, since the I2 fiber is double.
We have found the following equation for the unique rational and extremal elliptic sur-
face with singular fibers IV∗ and I3 in any characteristic
y2 + txy + t2y = x3,
where t is a coordinate on P1. By a change of coordinates (valid away from characteristic
3) we obtain
y2 − 3(3t+ 1)xy + (3t+ 1)2y = x3.
The IV∗ fiber is at t = −1
3
, the I3 fiber is at t =∞ and there is an I1 fiber at t = −23 .
In characteristic 6= 3, we can write a degree 2 morphism P1 → P1 with t =∞ as branch
point and which is not branched over −1
3
as
t 7→ s2 + βs,
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where s is the new parameter on P1 and β 6= ± 2√
3
. The covering involution J(σ) is given
by s 7→ −s− β. We obtain the equation
y2 − 3(3(s2 + βs) + 1)xy + (3(s2 + βs) + 1)2y = x3.
By Lemma 8.2, if a suitable section N− exists, we can assume β = 1 and N− = (s +
s2, s3). 
8.2. Automorphisms.
Proposition 8.4. Let X be an Enriques surface of type VI. Then, Aut(X) ∼= S5 and
this group is generated by automorphisms induced by 2-torsion sections of the Jacobian
fibrations of elliptic fibrations of X . Moreover, Autnt(X) ∼= {1}.
Proof. Recall that the dual graph of (−2)-curves for type VI is as follows:
Let us first show that Autnt(X) is trivial. Indeed, the three separable bisections E7, E9
and E10 of |E1 +E2 +E3 +E4 +E5 +E6| are fixed pointwise by any numerically trivial
automorphism, which therefore has to be the identity.
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The automorphism group of the graph is S5 [Kon86, p.223]. We look at the induced
action of Aut(X) on the set Σ = {E1, . . . , E10} and note the following points:
• The pointwise stabilizer of the set Γ1 = {E4, E5, E6, E7} is Z/2Z. It is realized
by the 2-torsion section of the Jacobian of |2(E5 + E13)|.
• The stabilizer of E5 under the action of the automorphism group of the graph is
S3 × Z/2Z. It is realized by the stabilizer of Γ1 and the 2-torsion sections of the
Jacobian fibrations of fibrations with a fiber of type I∗1. For example the Jacobian
of |E6 +E7 +E3 +E10 + 2(E4 +E5)| has a 2-torsion section which interchanges
E6 and E7.
• Since the stabilizer of E5 has order 12, it suffices to show that the group generated
by 2-torsion sections acts transitively on Σ. We show that we can map E5 to
E10, E3 and E6. The rest can be done similarly.
• Indeed, the 2-torsion sections of the Jacobians of |2(E3 + E17)|, |2(E10 + E16)|
and |2(E8 +E11)| interchange E5 and E10, E5 and E3 and E3 and E6, respectively.

8.3. Degenerations and Moduli.
Proposition 8.5. Assume char(k) 6= 3. Let
y2 − 3(3(s2 + s) + 1)xy + (3(s2 + s) + 1)2y = x3
be the Weierstrass equation of an elliptic fibration p˜i with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s − 1 and tN− is translation
by the section N− = (s + s2, s3). Then, σ is fixed point free if and only if char(k) 6= 5. If
char(k) = 5, σ has exactly one (−2)-curve as fixed locus.
Proof. The only possibility for σ to have fixed points is the case where ϕ : t 7→ s2 + s is
branched over the point lying under the nodal fiber. Hence, we may assume that char(k) 6=
2. The branch points of ϕ are t =∞ and t = −1
4
, while the I1 fiber of pi lies over t = −23 .
Hence, ϕ is branched over the point lying under the nodal fiber if and only if −2
3
= −1
4
,
i.e. if and only if 5 = 0.
Now if char(k) = 5, the location of the I2 fiber of p˜i is s = −12 = 2. The singular point
of the Weierstrass equation at s = 2 is (−1, 1), while N− passes through (1, 3). Hence,
N− meets the identity component of the I2 fiber and therefore it is not a J(pi)-Enriques
section and σ fixes a (−2)-curve. 
Corollary 8.6. Enriques surfaces of type VI exist if and only if char(k) 6= 3, 5. Moreover,
they are unique if they exist.
Similarly to the cases of type I and II, one obtains a Coble surface if σ has a fixed curve,
i.e. if char(k) = 5.
ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP 45
9. ENRIQUES SURFACES OF TYPE VII
9.1. Main theorem for type VII.
Lemma 9.1. Let char(k) 6= 2, J(σ) : s 7→ −s, and
y2 = x3 − (s2β + sβ)x2 + (2s3β − 3s2β + 4sβ − 2)x+ (−s3β + 2s2β − 2sβ + 1),
where sβ = s2 + β with β ∈ k − {1}, be the Weierstrass equation of an elliptic fibration
of a K3 surface. Then, an everywhere integral, J(σ)-anti-invariant section N− meeting
the fibers at s = ∞ and s = ±√1− β in a non-identity component exists if and only if
β ∈ {0, 2}. Moreover, it is unique up to sign if it exists. Both cases are isomorphic and if
β = 0, the section is N− = (1, s− s3).
Proof. Similarly to the previous case, one obtains conditions on β by direct calculation.
Let us show the existence of the automorphism. The Weierstrass equation for the rational
elliptic fibration
y2 = x3 − (t2 + t)x2 + (2t3 − 3t2 + 4t− 2)x+ (−t3 + 2t2 − 2t+ 1)
has an automorphism
t 7→ 2− t; x 7→ x− 2 + 2t.
This automorphism induces the desired isomorphism. 
Theorem 9.2. Let X be an Enriques surface. The following are equivalent:
(1) X is of type VII.
(2) The dual graph of all (−2)-curves on X contains the graph in Figure 7.
•
•
•
•
•
•
•
•
• • •
FIGURE 7. Critical subgraph for type VII
(3) The canonical cover X˜ of X admits an elliptic fibration with a Weierstrass equa-
tion of the form
y2 = x3 − (s4 + s2)x2 + (2s6 − 3s4 + 4s2 − 2)x+ (−s6 + 2s4 − 2s2 + 1)
such that the covering morphism ρ : X˜ → X is given as quotient by the involution
σ = tN− ◦J(σ), where J(σ) : s 7→ −s and tN− is translation byN− = (1, s−s3).
Moreover, singular Enriques surfaces of type VII do not exist in characteristic 2.
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Proof. First, observe that the dual graph of type VII (see Table 1) contains the graph in
Figure 7.
Conversely, we have shown in Example 2.3 that we recover type VII from the critical
subgraph and, since an elliptic fibration with singular fibers I8 and I2 (not III, since it is a
double fiber) does not exist in characteristic 2, this type cannot exist in characteristic 2.
We have found the following equation for the unique rational and extremal elliptic sur-
face with singular fibers (I8, I2, I1, I1) in characteristic different from 2
y2 = x3 − (t2 + t)x2 + (2t3 − 3t2 + 4t− 2)x+ (−t3 + 2t2 − 2t+ 1),
where t is a coordinate on P1. The I8 fiber is at t = 1, the I2 fiber is at t =∞ and there are
two I1 fibers at t = 1±
√−1
2
.
In characteristic different from 2, we can write a degree 2 morphism P1 → P1 with
t =∞ as branch point and which is not branched over t = 0 as
t 7→ s2 + β,
where s is the new parameter on P1 and β 6= 0. The covering involution J(σ) is given
by s 7→ −s. Now, note that we are looking for a section N− which meets the I4 and I8
fibers in non-identity components. By Lemma 9.1, if a suitable section N− exists, we can
assume β = 0 and N− = (1, s − s3). Moreover, one can check that N− has the correct
intersection behaviour with the I8 fibers. 
9.2. Automorphisms.
Proposition 9.3. Let X be an Enriques surface of type VII. Then, Aut(X) ∼= S5 and
this group is generated by automorphisms induced by 2-torsion sections of the Jacobian
fibrations of elliptic fibrations of X . Moreover, Autnt(X) ∼= {1}.
Proof. Recall that the dual graph of (−2)-curves for type VII is as follows:
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We claim that Autnt(X) is trivial. Indeed, one can check that the bisections E2, E3, E5,
E6, E8 and E9 of |K4 +K5| are fixed pointwise by any numerically trivial automorphism,
which therefore has to be trivial.
The automorphism group of the graph is S5. Following [Kon86, p.232], we look at
the induced action on the set Σ = {K1, . . . , K5} and observe that the pointwise stabilizer
of Σ is trivial. Now, each Ki, i ∈ {1, . . . , 5}, meets exactly three Ej , j ∈ {1, . . . , 15},
twice. The 2-torsion sections of the Jacobians of the elliptic fibrations |2(Ki + Ej)| act
as permutations of cycle type (2, 2) on Σ − Ki. Note that the 2-torsion section of the
Jacobian of |K4 + K5| interchanges K4 and K5 while fixing K1, K2 and K3. Together,
these involutions generate the full automorphism group. 
9.3. Degenerations and Moduli.
Proposition 9.4. Assume char(k) 6= 2. Let
y2 = x3 − (s4 + s2)x2 + (2s6 − 3s4 + 4s2 − 2)x+ (−s6 + 2s4 − 2s2 + 1)
be the Weierstrass equation of an elliptic fibration p˜i with section on a K3 surface X˜ .
Define the involution σ = tN− ◦ J(σ), where J(σ) : s 7→ −s and tN− is translation by
the section N− = (1, s − s3). Then, σ is fixed point free if and only if char(k) 6= 5. If
char(k) = 5, σ has exactly one (−2)-curve as fixed locus.
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Proof. The branch points of ϕ are t = ∞ and t = 0, while the I1 fibers of pi lie over
t = 1 ±
√−1
2
. Hence, ϕ is branched over a point lying under a nodal fiber if and only if
1±
√−1
2
= 0, i.e. if and only if 5 = 0.
Now, if char(k) = 5, the location of the I2 fiber of p˜i is s = 0. The singular point of the
Weierstrass equation at s = 0 is (2, 0), while N− passes through (1, 0). Hence, N− meets
the identity component of the I2 fiber and therefore it is not a J(pi)-Enriques section and σ
fixes a (−2)-curve. 
Corollary 9.5. Enriques surfaces of type VII with smooth K3 cover exist if and only if
char(k) 6= 2, 5. Moreover, they are unique if they exist.
Remark 9.6. Here, it is important to recall our convention on Enriques surfaces in charac-
teristic 2. In fact, by [KK15], there is a 1-dimensional family of classical and supersingular
Enriques surfaces of type VII in characteristic 2. Note also that the involution σ produces
a Coble surface in characteristic 5.
10. THE CLASSIFICATION-THEOREM
Now that we have completed the construction of the seven types of Enriques surfaces
with finite automorphism group, it remains to show that these seven types are indeed all
possible Enriques surfaces with finite automorphism group. Hence, the goal of this chapter
is to prove the following classification-theorem, finishing the proof of the Main Theorem.
Recall that all our Enriques surfaces are assumed to have a smooth canonical cover.
Theorem 10.1. Let X be an Enriques surface. The following are equivalent:
(1) X has finite automorphism group.
(2) Every elliptic fibration of X is extremal.
(3) Every special elliptic fibration of X is extremal and X contains a (−2)-curve.
(4) The dual graph of all (−2)-curves on X contains a critical subgraph for one of
the types I, . . . ,VII.
(5) The dual graph of all (−2)-curves on X is one of the seven types I, . . . ,VII.
(6) X contains only finitely many, but at least one, (−2)-curves.
Before giving the proof of Theorem 10.1, we need to introduce the tools for the classi-
fication of dual graphs.
10.1. Preparations for the proof of the classification-theorem. Corollary 2.25 and the
height pairing of sections of elliptic fibrations of the K3 cover will play an important role.
More precisely, we have the following lemma.
Lemma 10.2. Let pi : X → P1 be a special and extremal elliptic fibration of an Enriques
surface X with special bisection N . Let p˜i be the corresponding elliptic fibration of the K3
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cover X˜ of X . Denote the irreducible curves on X˜ mapping surjectively onto N by N+
and N−. Let J(pi) be the Jacobian of pi. We choose N+ as the zero section of p˜i.
Then,
• either h(N−) = 0 and N− is a 2-torsion section in MW(J(pi)) ⊆ MW(p˜i)
• or N− satisfies∑
ν
contrν(N
−) < 4 and
∑
ν
contrν(N
−, P ) ∈ {0, 1, 2}
for all P ∈ MW(J(pi)) ⊆ MW(p˜i) with P 6= N−.
Proof. Since
0 ≤ h(N−) = 4 + 2N−.N+ −
∑
ν
contrν(N
−) = 4−
∑
ν
contrν(N
−)
and N− restricts to a 2-torsion section on a fiber F of p˜i lying over a double fiber of pi, we
either have h(N−) = 0 and we claim that N− is 2-torsion or h(N−) > 0 and therefore∑
ν contrν(N
−) < 4.
Indeed, suppose h(N−) = 0 and N− is not 2-torsion. Then, N− ⊕ N− meets the
zero section in F , hence its order is divisible by char(k) = 2 by [IL13, Proposition 2.4].
But if char(k) = 2, the fiber F is either multiplicative or ordinary by Proposition 2.5,
contradicting [IL13, Proposition 2.1].
Since every P ∈ MW(J(pi)) ⊆ MW(p˜i) is disjoint from N+, we have
0 = 〈P,N−〉 = 2 + P.N+ +N−.N+ − P.N− −
∑
ν
contrν(N
−, P ) =
= 2− P.N− −
∑
ν
contrν(N
−, P ),
which yields the second claim. 
Remark 10.3. By Table 4, the local contributions to the height pairing can be read off
almost completely from the dual graph of singular fibers. However, a remark about the
cases where pi has a double fiber of type I1 is in order. Since sections P ∈ MW(J(pi))
meet the corresponding I2 fiber of p˜i in the identity component, N− cannot be 2-torsion.
Moreover,
∑
ν contrν(N
−) will decrease by 1
2
, while
∑
ν contrν(N
−, P ) stays the same,
hence N− can only satisfy the conditions of the lemma if it does so, when we ignore the
double I1 fiber. We will do this from now on.
Definition 10.4. Let Γ1 be the dual graph of singular fibers of a rational and extremal
elliptic fibration. A graph Γ ⊇ Γ1 is called a fiber-bisection configuration for Γ1 if the
following two conditions hold:
(1) Γ− Γ1 consists of one vertex N called the special bisection.
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(2) N meets every connected component of Γ1 of type D˜ and E˜ exactly twice and
every component of type A˜ at least once and at most twice. Moreover, N meets at
most two connected components of Γ1 exactly once.
Given such a fiber-bisection configuration Γ, we can check whether it could be the dual
graph of a special elliptic fibration pi on an Enriques surface as follows: Suppose it is the
dual graph of pi. Then, we can pass to the canonical cover, add the sections coming from
the Jacobian J(pi) of pi and check the conditions of Lemma 10.2. By Remark 10.3, it
makes sense to say that a fiber-bisection configuration satisfies the conditions of Lemma
10.2.
Definition 10.5. A fiber-bisection configuration is called admissible if it satisfies the con-
ditions of Lemma 10.2
10.2. Outline of proof. In this section, we outline the proof of the following lemma,
which is the main ingredient in the proof of Theorem 10.1.
Lemma 10.6. Let X be an Enriques surface such that every special elliptic fibration of
X is extremal and X contains a (−2)-curve. Then, the dual graph of (−2)-curves on X
contains a critical subgraph (see Figures 1, . . . , 7) for one of the types I, . . . ,VII.
Proof of Theorem 10.1 (assuming Lemma 10.6). As observed by Dolgachev [Dol84, §4],
if X has finite automorphism group, then every elliptic fibration pi on X is extremal, since
the Mordell-Weil group of J(pi) acts faithfully on X . In particular, since X admits an
elliptic fibration by Proposition 2.4, X contains a (−2)-curve by Lemma 2.15 and every
special elliptic fibration ofX is extremal. From Lemma 10.6, we deduce thatX contains a
critical subgraph, which, by the earlier chapters, implies that the dual graph of (−2)-curves
on X is one of the types I, . . . ,VII.
The seven dual graphs in Table 1 consist of 12 (resp. 20) vertices, hence X contains
finitely many and at least one (−2)-curve. Moreover, we have computed the automorphism
groups of these surfaces. They are finite. Finally, by Corollary 2.25, the only special
elliptic fibrations of Enriques surfaces with finitely many, but at least one, (−2)-curves are
the extremal ones. 
Since we have constructed all seven types in the previous chapters, Theorem 10.1 will
finish the classification. The strategy for the proof of Lemma 10.6 can be summarized as
follows:
(1) Let X be an Enriques surface with a (−2)-curve such that every special elliptic
fibration of X is extremal. By Proposition 2.8, X admits such a special elliptic
fibration pi.
(2) Pick a dual graph Γ1 of singular fibers of a rational and extremal elliptic fibration
and some admissible fiber-bisection configuration Γ ⊇ Γ1. Suppose that Γ is the
dual graph of fibers and special bisection of pi.
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(3) Apply Corollary 2.25 to find additional (−2)-curves and obtain a bigger graph Γ2.
(4) If Γ2 contains one of the critical subgraphs, we have shown in the previous chapters
that X is of one of the seven types.
(5) If not, find a different subgraph Γ3 of Γ2 of type A˜n together with a vertex N
meeting Γ3 exactly once. By Proposition 2.12, Γ3 is the dual graph of a singular
fiber of a special elliptic fibration pi1 and N is a special bisection of pi1. By the
assumption on X , pi1 is extremal, i.e. we can extend Γ3 to a dual graph Γ4 of
singular fibers of an extremal elliptic fibration such that Γ4 ∪ N is an admissible
fiber-bisection configuration for Γ4. Now, go back to step (3).
We will show that the above process will terminate at some point for every choice of
Γ1, either with a contradiction or with step (4).
10.3. Proof of the classification-theorem. The following lemma shows that the number
of admissible fiber-bisection configurations we have to check is ”not too big”.
Lemma 10.7. Let X be an Enriques surface with a special and extremal elliptic fibration
pi. Then, X admits a special elliptic fibration with a double fiber of type In with n ≥ 2.
Moreover, if pi has double fibers of type In1 and In2 , then n1 + n2 ≤ 8.
Proof. For the first claim, let pi be a special and extremal elliptic fibration of X and let N
be a special bisection of pi. If pi has a fiber of type IV∗, III∗, II∗, I∗n, or In with n ≥ 5, thenN
and fiber components form a fiber of type In and a component of the fiber takes the role of
a special bisection. The remaining possibilities for pi are the one with fibers (I4, I4, I2, I2)
and the one with fibers (I3, I3, I3, I3). These are checked similarly, using more than one
fiber.
For the second claim, let pi be a special elliptic fibration of X with double fibers of type
In1 and In2 . Denote a special bisection byN and the corresponding curves on the K3 cover
by N+ and N− as usual. Then, we compute
∑
ν contrν(N
−) ≥ (n1 + n2)/2 using Table
4. Since
∑
ν contrν(N
−) ≤ 4, this gives the second claim. 
It is straightforward to give a complete list of admissible fiber-bisection configurations
for dual graphs of singular fibers of extremal elliptic fibrations. We leave the details to the
reader. Note that it follows immediately from the classification of extremal and rational el-
liptic surfaces (see Table 3) that we do not have to take special care of small characteristics
with this method.
Lemma 10.8. Let Admp be the set of admissible fiber-bisection configurations for dual
graphs of extremal elliptic fibrations over an algebraically closed field of characteristic p.
Then Admp ⊆ Adm0.
Lemma 10.9. Table 5 shows the list of all admissible fiber-bisection configurations for
dual graphs of singular fibers of extremal elliptic fibrations, where the special bisection
meets at least one A˜ subgraph (marked with a 2 in front) only once.
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Dual graph of fibers Admissible fiber-bisection configurations
E˜7 ⊕ 2A˜1
• • • • • • •
•
•
•
•
• • • • • • •
•
•
•
•
E˜6 ⊕ 2A˜2
• • • • • • • •
••
•
D˜5 ⊕ 2A˜3
•
•
• •
•
•
• •
•
•
•
•
•
• •
•
•
• •
•
•
•
D˜6 ⊕ 2A˜1 ⊕ 2A˜1
•
•
•
• •
•
• •
•
•
•
• •
•
•
• •
•
• •
•
•
•
•
D˜6 ⊕ 2A˜1 ⊕ A˜1 •
•
•
• •
•
• •
•
•
•
• •
•
•
• •
•
• •
•
•
•
•
•
•
•
• •
•
• •
•
•
•
• •
•
•
• •
•
• •
•
•
•
•
2A˜7 ⊕ A˜1
•
•
•
•
•
•
•
•
• • •
A˜7 ⊕ 2A˜1
•
•
•
•
•
•
•
•
• • • •
•
•
•
•
•
•
•
• • •
2A˜4 ⊕ A˜4
•
•
•
•
• •
•
•
•
••
2A˜5 ⊕ A˜2 ⊕ 2A˜1
•
•
•
•
•
•
• • •
•
• •
A˜5 ⊕ 2A˜2 ⊕ 2A˜1
•
•
•
•
•
•
• • •
•
• •
2A˜5 ⊕ A˜2 ⊕ A˜1
•
•
•
•
•
•
• • •
•
• •
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A˜5 ⊕ 2A˜2 ⊕ A˜1
•
•
•
•
•
•
• • •
•
• •
•
•
•
•
•
•
• • •
•
• •
•
•
•
•
•
•
• • •
•
• •
A˜5 ⊕ A˜2 ⊕ 2A˜1 •
•
•
•
•
•
• • •
•
• •
•
•
•
•
•
•
• • •
•
• •
•
•
•
•
•
•
• • •
•
• •
•
•
•
•
•
•
• • •
•
• •
2A˜3⊕2A˜3⊕A˜1⊕A˜1
• • • •
• • • •
•
• • • •
A˜3⊕A˜3⊕2A˜1⊕2A˜1
,
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
2A˜3⊕A˜3⊕2A˜1⊕A˜1
• • • •
• • • •
•
• • • •
2A˜3⊕ A˜3⊕ A˜1⊕ A˜1
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
A˜3⊕ A˜3⊕ 2A˜1⊕ A˜1
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
• • • •
• • • •
•
• • • •
2A˜2⊕2A˜2⊕A˜2⊕A˜2
• •
• • • •
•
• • • •
• •
2A˜2⊕ A˜2⊕ A˜2⊕ A˜2
• •
• • • •
•
• • • •
• •
• •
• • • •
•
• • • •
• •
TABLE 5. Admissible fiber-bisection configurations for extremal fibrations
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Remark 10.10. In fact, many of these admissible fiber-bisection configurations are realiz-
able over the complex numbers (see [Mar16]).
From these tables, we can deduce the following improvement of Lemma 10.7.
Corollary 10.11. If an Enriques surfaceX admits a special and extremal elliptic fibration,
then X is either of type II or it admits a special elliptic fibration with a double fiber of type
I2.
Proof. By Lemma 10.7, we know that X admits an elliptic fibration with a double fiber
of type In for some n. Almost every graph in Lemma 10.9 admits an A˜1 subgraph and a
vertex meeting this subgraph exactly once; the only exception is the critical subgraph for
type II. Hence, the claim follows. 
Before we start with the proof of Lemma 10.6, we need the following auxiliary result.
Lemma 10.12. There is no Enriques surface with a special elliptic fibration with singular
fibers
• (I3, I3, I3, I3) such that two of the I3 fibers are multiple or
• (I6, I3, I2, I1) such that the I3 and I2 fibers are multiple.
Proof. We will only show the first claim; the second one is similar. The claim is true if
char(k) ∈ {2, 3}, since there is no rational elliptic surface with singular fibers (I3, I3, I3, I3)
in characteristic 3 and an elliptic fibration of an Enriques surface in characteristic 2 cannot
have two multiplicative double fibers.
Let us assume char(k) 6∈ {2, 3}. The rational elliptic surface J(pi) with singular fibers
(I3, I3, I3, I3) has the Weierstrass equation
(10.1) y2 = x3 + (−3t4 + 24t)x+ 2t6 + 40t3 − 16.
If an Enriques surface with this Jacobian and two double I3 fibers exists, it is covered by
the base change of (10.1) via t 7→ s2 − 1.
A J(pi)-Enriques section N− = (x(s), y(s)) meets the fibers of J(pi) at s = 0 and at
s = ∞ in a non-identity component and is J(σ)-anti-invariant, where J(σ) : s 7→ −s.
Since the singular point of the fiber at s = 0 (resp. s = ∞) is (−3, 0) (resp. (1, 0)), N−
has the form
x = −3 + x2s2 + s4
y = y1s+ y3s
3 + y5s
5.
Plugging this into the base change of equation (10.1), we additionally obtain y1 = y5 = 0,
y3 = ±8, x2 = −2 and finally 144 = 0, which is not allowed, since char(k) 6= 2, 3. 
Proof of Lemma 10.6. (For a detailed explanation of how to add (−2)-curves using jac2,
see Section 2.3.) By Corollary 10.3, it suffices to check the admissible fiber-bisection
configurations with a 2A˜1 component. We will treat them in the following order:
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Γ1 # Admissible fiber-bisection configurations
D˜6 ⊕ 2A˜1 ⊕ 2A˜1 2
D˜6 ⊕ 2A˜1 ⊕ A˜1 4
E˜7 ⊕ 2A˜1 2
A˜3⊕A˜3⊕2A˜1⊕2A˜1 2
2A˜3⊕A˜3⊕2A˜1⊕A˜1 1
A˜3⊕ A˜3⊕ 2A˜1⊕ A˜1 4
2A˜5 ⊕ A˜2 ⊕ 2A˜1 1
A˜5 ⊕ A˜2 ⊕ 2A˜1 4
A˜7 ⊕ 2A˜1 2
• Γ1 = D˜6 ⊕ 2A˜1 ⊕ 2A˜1
a) Fiber-bisection configuration:
•
•
•
• •
•
• •
•
•
•
•
After adding a bisection with jac2, we find another special fibration with two
double I2 fibers and bisection N as follows, where the dotted rectangles mark
the fibers:
•
•
•
• •
•
• •
•
•
•
•
•
N
There is a D4 diagram which is disjoint from the two A˜1 subgraphs. By Ta-
ble 3, the only extremal fibration with two singular fibers of type I2 and one
singular fiber whose dual graph contains a D4 is the one with singular fibers
(I∗2, I2, I2). However, the bisection N cannot meet the I
∗
2 fiber in an admissible
way, hence this fiber-bisection configuration does not occur.
b) Fiber-bisection configuration:
•
•
•
• •
•
• •
•
•
•
•
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After adding a bisection with jac2, we find another special fibration with two
double I4 fibers and bisection N as follows:
•
•
•
•
• •
•
• •
•
•
•
•
N
By Table 3, the only extremal fibration with two singular fibers of type I4 is the
one with singular fibers (I4, I4, I2, I2) and the only admissible fiber-bisection
configuration with Γ1 = 2A˜3 ⊕ 2A˜3 ⊕ A˜1 ⊕ A˜1 is the critical subgraph for
type III.
• Γ1 = D˜6 ⊕ 2A˜1 ⊕ A˜1
a) Fiber-bisection configuration:
•
•
•
• •
•
• •
•
•
•
•
After adding a bisection corresponding to a 2-torsion section via jac2, we ob-
tain another special fibration with double singular fibers I6 and I2 and bisection
N as follows:
•
•
•
• •
•
• •
•
•
•
•
•
N
The only admissible fiber-bisection configuration for such a fibration is the
critical subgraph for type V.
b) Fiber-bisection configuration:
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•
•
•
• •
•
• •
•
•
•
•
Adding another bisection corresponding to a 2-torsion section via jac2, we
obtain another special fibration with two singular double fibers of type I4,
giving the critical subgraph for type III:
•
•
•
• •
•
• •
•
•
•
•
• N
c) Fiber-bisection configuration:
•
•
•
• •
•
• •
•
•
•
•
Adding another bisection corresponding to a 2-torsion section via jac2, we
obtain another special fibration with two singular double fibers of type I2, bi-
sectionN , and some fiber whose dual graph contains aD4. The only extremal
fibration satisfying this is the one with fibers (I∗2, I2, I2) and we have already
treated the cases where both I2 fibers are double.
•
•
•
• •
•
• •
•
•
•
•
•
N
d) Fiber-bisection configuration:
•
•
•
• •
•
• •
•
•
•
•
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There is another special elliptic fibration with double fiber of type I2 as in the
following figure:
•
•
•
• •
•
• •
•
•
•
•
N
There is a D4 diagram and three disjoint vertices, which are disjoint from the
marked subgraph. The only extremal fibration whose dual graph of singular
fibers contains these diagrams is the one with singular fibers (I∗2, I2, I2). But
the bisection N meets the fibers in such a way, that the fiber-bisection config-
uration will be one of the configurations we have already treated.
• Γ1 = E˜7 ⊕ 2A˜1
a) Fiber-bisection configuration:
• • • • • • •
•
•
•
•
This is the critical subgraph for type I.
b) Fiber-bisection configuration:
• • • • • • •
•
•
•
•
There is another special elliptic fibration with a double fiber of type I2 and a
bisection N as follows:
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• • • • • • •
•
•
•
•
N
There is a D6 diagram and an isolated vertex which are disjoint from the
marked subgraph. Moreover, from the intersection behaviour of N , we can
exclude the case that the new fibration has a singular fiber of type III∗. The
only extremal fibration satisfying these conditions is the one with singular
fibers (I∗2, I2, I2). We have already treated all fiber-bisection configurations for
this fibration.
• Γ1 = A˜3 ⊕ A˜3 ⊕ 2A˜1 ⊕ 2A˜1
a) Fiber-bisection configuration:
• • • •
• • • •
•
• • • •
This is the critical subgraph for type IV.
b) Fiber-bisection configuration:
• • • •
• • • •
•
• • • •
After adding bisections coming from 2-torsion sections via jac2, we obtain
another (maybe non-special) fibration with two double I2 fibers as follows:
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• • • •
• • • •
•
• • • •
•
• •
There are six disjoint vertices which are disjoint from the two I2 fibers. There
is no extremal elliptic fibration whose dual graph of singular fibers contains
two A˜1 diagrams and six disjoint vertices.
• Γ1 = 2A˜3 ⊕ A˜3 ⊕ 2A˜1 ⊕ A˜1
Fiber-bisection configuration:
• • • •
• • • •
•
• • • •
Adding a bisection corresponding to a 2-torsion section via jac2, we find another
special fibration with two double I2 fibers and special bisection N .
• • • •
• • • •
•
• • • •
•
N
Since we have already treated all cases with two double I2 fibers, we are done
with this case.
• Γ1 = A˜3 ⊕ A˜3 ⊕ 2A˜1 ⊕ A˜1
a) Fiber-bisection configuration:
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• • • •
• • • •
•
• • • •
After adding a bisection corresponding to a different 2-torsion section via
jac2, we obtain another special elliptic fibration with two double fibers of
type I2 and a special bisection N as follows:
• • • •
•
• • • •
•
• • • •
N
Since we have treated all fibrations with two double I2 fibers, we are done.
b) The other fiber-bisection configuration where the bisection meets both com-
ponents of the simple I2 fiber is treated similarly to case a).
c) Fiber-bisection configuration:
• • • •
• • • •
•
• • • •
We add another bisection arising via jac2 and find a special elliptic fibration
with double fibers of type I3 and I2 and bisection N as follows:
• • • •
• • • •
•
• • • •
•
N
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The only extremal fibration with these fibers is the one with singular fibers
(I6, I3, I2, I1). But the I3 and I2 fibers cannot both be double by Lemma 10.12.
Therefore, this fiber-bisection configuration does not occur.
d) Fiber-bisection configuration:
• • • •
• • • •
•
• • • •
There is another special elliptic fibration with a double singular fiber of type
I2 and special bisection N as in the following figure:• • • •
• • • •
•
• • • •
N
There is an A3 diagram and three disjoint vertices which are disjoint from the
I2 fiber. The extremal fibrations whose dual graphs of singular fibers satisfy
these conditions are the ones with singular fibers (I∗2, I2, I2) and (I4, I4, I2, I2).
Since we have already treated the first fibration, we can assume that the sec-
ond one occurs. But the bisection N and the fibers form a fiber-bisection
configuration which we have already treated, hence this case is settled.
• Γ1 = 2A˜5 ⊕ A˜2 ⊕ 2A˜1
Fiber-bisection configuration:
•
•
•
•
•
•
• • •
•
• •
This is the critical subgraph for type V.
• Γ1 = A˜5 ⊕ A˜2 ⊕ 2A˜1
a) Fiber-bisection configuration:
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•
•
•
•
•
•
• • •
•
• •
There is another special elliptic fibration with a double fiber of type I5 and
bisection N . We leave it to the reader to check that one obtains the critical
subgraph for type VI from a fibration with singular fibers I5, I5 where one of
the I5 fibers is double.
•
•
•
•
•
•
• • •
•
• •
N
b) Fiber-bisection configuration:
•
•
•
•
•
•
• • •
•
• •
Adding another special bisection corresponding to the 2-torsion section via
jac2, we obtain another special elliptic fibration with two double singular
fibers of type I3 and bisection N as follows:
•
•
•
•
•
•
• • •
•
• ••
N
The only extremal and rational elliptic fibration with two fibers of type I3 is the
fibration with fibers (I3, I3, I3, I3). By Lemma 10.12, there is no such fibration
with two double I3 fibers.
c) Fiber-bisection configuration:
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•
•
•
•
•
•
• • •
•
• •
Adding another special bisection corresponding to a 6-torsion section via
jac2, we obtain another special fibration with a double fiber of type I2 and
a special bisection N as follows:
•
•
•
•
•
•
• • •
•
• ••
N
There are diagrams of type A3, A2, and A1 which are disjoint from the double
I2 fiber. Therefore, the fibration cannot have an I8 fiber. Since we have treated
all the other cases with a double I2 fiber, we can assume that the fibration
has singular fibers of type I6, I3 (or IV) and I2 such that the I6 fiber is simple.
But then, the fibers together with the bisection N form the admissible fiber-
bisection configuration of case a) or b), since N meets distinct components of
the I6 fiber. Therefore, this case is settled.
d) Fiber-bisection configuration:
•
•
•
•
•
•
• • •
•
• •
Here, we can use the same (−2)-curves as in the previous case and the same
argument right away without adding additional bisections.
• Γ1 = A˜7 ⊕ 2A˜1
a) Fiber-bisection configuration:
•
•
•
•
•
•
•
•
• • •
This is the critical subgraph for type VII.
b) Fiber-bisection configuration:
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•
•
•
•
•
•
•
•
• • •
There is another special elliptic fibration with a double fiber of type I2 and
special bisection N as follows:
•
•
•
•
•
•
•
•
• • •
N
This fiber-bisection configuration is not the same as the one we started with
and since this is the last case, we have already treated this. 
11. ARITHMETIC OF ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP
In this section, we explain how to derive the results on the arithmetic of Enriques sur-
faces with finite automorphism group, which we mentioned in the introduction, from the
equations we gave in the earlier chapters (see §3, . . . , §9). In particular, we establish ex-
plicit models of Enriques surfaces of every type over the prime fields Fp and Q.
Lemma 11.1. The following integral Weierstrass models of elliptic K3 surfaces admit a
resolution of singularities over the ring R, where R is as follows:
Equation R Type
y2 + (s2 + s)xy = x3 + (s2 + s)3x Z[ 1
257
] I
y2 − (s2 + s)xy = x3 − (s2 + s)3x Z[ 1
255
] I
y2 + (s2 + s)xy + (s2 + s)2y = x3 + (s2 + s)x2 Z[ 1
65
] II
y2 − (s2 + s)xy + (s2 + s)2y = x3 − (s2 + s)x2 Z[ 1
63
] II
y2 + xy = x3 + 4s4x2 + s4x Z[1
2
] III
y2 = x3 + 2(s4 + 1)x2 + (s4 − 1)2x Z[1
2
] IV
y2 + (s2 + 1)xy + (s2 + 1)y = x3 + (s2 + 2)x2 + (s2 + 1)x Z[1
6
] V
y2 − 3(3s2 + 3s+ 1)xy + (3s2 + 3s+ 1)2y = x3 Z[ 1
15
] VI
y2 = x3−(s4 +s2)x2 +(2s6−3s4 +4s2−2)x+(−s6 +2s4−2s2 +1) Z[ 1
10
] VII
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Proof. Let f : X → Spec(R) be one of the families defined by the above equations.
Since the non-smooth locus of f is closed and f is proper, the non-smooth locus of f is
proper. Hence, every singular point of the generic fiber Xη of f is the generic point of a
subscheme Z of X which is completely contained in the singular locus of f and flat over
Spec(R). Since Z is flat over Spec(R), a local computation shows that blowing up along
Z commutes with taking fibers of f . Moreover, we know that every fiber of f has the same
types of rational double points, hence we can repeat the above argument and deduce that
the minimal resolution of singularities of the generic fiber extends uniquely to a minimal
resolution of the whole family. 
Remark 11.2. The reason why we have to exclude some seemingly arbitrary characteristics
is that the surface defined by the Weierstrass equation acquires additional singularities
in these characteristics, because the degree 2 morphism to a rational elliptic surface we
used to find the equations branches over a multiplicative fiber. This happens for the first
four equations and for the last two, where the double cover branches over a nodal fiber,
producing an additional A1 singularity in some fibers. This singularity cannot be resolved
in families without a base change to an algebraic space (see [Art74]).
Theorem 11.3. Let K ∈ {I, . . . ,VII}. There is a morphism ϕK : X → Spec(Z[ 1PK ])
whose fibers are Enriques surfaces of type K with full Picard rank, i.e. Pic(XFp) =
Pic(XF¯p). The numbers PK are given in Table 2.
Proof. By Lemma 11.1, we have a family of K3 surfaces over Z[ 1
PK
]. Now, observe that
the Enriques involution is also defined over this ring. Hence, the only remaining claim is
the one that the fibers of the family have full Picard rank.
Let Xp be the fiber over p of one of the families of Enriques surfaces over R and let
X˜p be its canonical cover. By Vinberg’s criterion (Proposition 2.29), the geometric Picard
group of Xp is generated by (−2)-curves, hence it suffices to check that all these curves
are defined over Fp (resp. over Q if p = 0). Then, one uses our explicit equations to
check that the Galois action preserves the preimages of these curves in X˜p and therefore
all (−2)-curves on Xp are defined over Fp (resp. over Q if p = 0). Note that it suffices to
check that the fiber components and special bisections of the fibration we used to construct
the surfaces are fixed, since this will imply that the Galois action is trivial on the whole
graph. 
Remark 11.4. In particular, note that there are Enriques surfaces of type VI and VII with
full Picard rank over Q, while this is not possible for their canonical cover due to a result
of N. D. Elkies (see [Sch10]).
Moreover, Theorem 11.3 proves the existence of a model for every type of Enriques
surfaces with finite automorphism group together with its dual graph of (−2)-curves over
the prime fields.
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Corollary 11.5. Suppose that there exists an Enriques surface of type K ∈ {I, . . . ,VII}
in characteristic p. Then, there exists an Enriques surface of type K with Picard rank 10
over Fp (resp. over Q if p = 0).
Theorem 11.6. Let X be an Enriques surface of type K ∈ {I, . . . ,VII} over a field k such
that Pic(X) = Pic(Xk¯).
• If K 6= III, IV, then Aut(X) is defined over k.
• If K = III, then Aut(X) is defined over L ⊇ k with [L : k] ≤ 2.
• If K = IV, then Aut(X) is defined over L ⊇ k with [L : k] ≤ 16.
Proof. Let X be an Enriques surface over k such that |Aut(Xk¯)| < ∞ and rk(Pic(X)) =
10. Since rk(Pic(X)) = 10, every elliptic fibration of X is defined over k. Therefore,
all Jacobian fibrations of elliptic fibrations of X are defined over k. Now, if X is of type
I, II,V,VI or VII, the generic fiber of an elliptic fibration of X whose Jacobian has non-
trivial sections has j-invariant 6= 0, 1728. Therefore, the Jacobian is unique up to quadratic
twisting with elements in k¯. We have shown in Propositions 3.3, 4.2, 7.2, 8.4, and 9.3
that Aut(Xk¯) is generated by the actions of 2-torsion sections of the Jacobian fibrations
of elliptic fibrations of X . Since quadratic twisting preserves 2-torsion sections and all
extremal and rational elliptic fibrations have a model over k such that their 2-torsion is
already defined over k, all such sections, and hence Aut(X), are defined over k.
If X is of type III, we need to realize the additional automorphism of Remark 5.2. For
this, a quadratic extension is sufficient.
If X is of type IV, we need the automorphism of Remark 6.2 and one non-2-torsion
section (see Proposition 6.3). As before, we need a field extension of degree at most 2
per non-2-torsion section. To define the automorphism of Remark 6.2, we need a field
extension of degree at most eight, since we found a model of the corresponding fibration
which acquires the required section after a quadratic extension and we need a quadratic
extension to define ι (see Remark 6.2). 
Remark 11.7. Over finite fields (and for our model), the proof shows that an extension of
degree 4 suffices to realize all automorphisms for type IV.
12. SEMI-SYMPLECTIC AUTOMORPHISMS
As an application of our explicit classification of Enriques surfaces with finite automor-
phism group, we determine the semi-symplectic automorphism groups of these surfaces.
Definition 12.1. Let X be an Enriques surface. An automorphism of X is called semi-
symplectic if it acts trivially on H0(X, ω⊗2X ). We denote the group of all semi-symplectic
automorphisms of X by Autss(X).
These automorphisms are studied in [MO14]. There, the semi-symplectic automor-
phism groups of Enriques surfaces of type VI and VII have already been computed. See
[Oha15] for a study of finite and non-semi-symplectic automorphisms.
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Theorem 12.2. Let X be an Enriques surface of type K ∈ {I, . . . ,VII}. Then, Autss(X)
is as given in the following table:
Type Autss(X)
I D4
II S4
III (Z/2Z)3 oD4
IV (Z/2Z)4 o (Z/5Z o Z/2Z)
V S4 × Z/2Z
VI S5
VII S5
TABLE 6. Semi-symplectic automorphism groups
Proof. Note that an automorphism induced by a section of the Jacobian of an elliptic fibra-
tion of X is semi-symplectic, since it fixes the base of the fibration and acts as translation
on the fibers. For all K, the group generated by such automorphisms is equal to the group
given in Table 6. If K 6= III, IV, these are all automorphisms, and if K ∈ {III, IV}, we
have exhibited non-semi-symplectic automorphisms in Remarks 5.2 and 6.2. Since the
groups in Table 6 have index 2 in Aut(X) for K ∈ {III, IV}, this finishes the proof. 
Remark 12.3. The fact that surfaces of type III and IV admit non-semi-symplectic auto-
morphisms is the reason why, in general, we need a field extension to realize all automor-
phisms of these surfaces. These non-semi-symplectic automorphisms act as
√−1 on a
non-zero global 2-form of the K3 cover, hence it is necessary to adjoin at least
√−1 to k
to realize all automorphisms of these surfaces. Since the K3 cover of Enriques surfaces of
type III and IV is the Kummer surface associated to the self-product of an elliptic curve
with j-invariant 1728 [Kon86, p.193], it is likely that this field extension always suffices.
REFERENCES
[Art74] M. Artin. Algebraic construction of Brieskorn’s resolutions. J. Algebra,
29:330–348, 1974.
[BHPVdV04] W. P. Barth, K. Hulek, C. A. M. Peters, and A. Van de Ven. Compact
complex surfaces, volume 4. Springer-Verlag, Berlin, second edition, 2004.
[BM76] E. Bombieri and D. Mumford. Enriques’ classification of surfaces in char.
p. III. Invent. Math., 35:197–232, 1976.
[BM77] E. Bombieri and D. Mumford. Enriques’ classification of surfaces in char.
p. II. Complex analysis and algebraic geometry, pages 23–42, 1977.
[Bor96] R. E. Borcherds. The moduli space of Enriques surfaces and the fake Mon-
ster Lie superalgebra. Topology, 35(3):699–710, 1996.
ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP 69
[BP83] W. Barth and C. Peters. Automorphisms of Enriques surfaces. Invent.
Math., 73(3):383–411, 1983.
[CD89] F. R. Cossec and I. V. Dolgachev. Enriques surfaces. I, volume 76 of
Progress in Mathematics. Birkha¨user Boston, Inc., Boston, MA, 1989.
[Cos85] F. R. Cossec. On the Picard group of Enriques surfaces. Math. Ann.,
271(4):577–600, 1985.
[DK01] I. Dolgachev and J. Keum. Wild p-cyclic actions on K3-surfaces. J. Alge-
braic Geom., 10(1):101–131, 2001.
[DK09] I. V. Dolgachev and J. Keum. Finite groups of symplectic automorphisms
of K3 surfaces in positive characteristic. Ann. of Math. (2), 169(1):269–
313, 2009.
[DK13] I. Dolgachev and S. Kondo¯. The rationality of the moduli spaces of Coble
surfaces and of nodal Enriques surfaces. Izv. Ross. Akad. Nauk Ser. Mat.,
77(3):77–92, 2013.
[Dol84] I. Dolgachev. On automorphisms of Enriques surfaces. Invent. Math.,
76(1):163–177, 1984.
[Dol13] I. V. Dolgachev. Numerical trivial automorphisms of Enriques surfaces
in arbitrary characteristic. In Arithmetic and geometry of K3 surfaces and
Calabi-Yau threefolds, volume 67 of Fields Inst. Commun., pages 267–283.
Springer, New York, 2013.
[DZ01] I. V. Dolgachev and D.-Q. Zhang. Coble rational surfaces. Amer. J. Math.,
123(1):79–114, 2001.
[EHS12] T. Ekedahl, J. M. E. Hyland, and N. I. Shepherd-Barron. Moduli and pe-
riods of simply connected Enriques surfaces, arXiv:1210.0342. ArXiv e-
prints, October 2012.
[ES04] T. Ekedahl and N. I. Shepherd-Barron. On exceptional Enriques surfaces,
arXiv:math/0405510, May 2004.
[Fan10] G. Fano. Superficie algebriche di genere zero e bigenere uno, e loro casi
particolari. Rend. Circ. Mat. Palermo, 29:98–118, 1910.
[GH16] V. Gritsenko and K. Hulek. Moduli of polarized Enriques surfaces. In
K3 surfaces and their moduli, volume 315 of Progr. Math., pages 55–72.
Birkha¨user/Springer, [Cham], 2016.
[Hor78a] E. Horikawa. On the periods of Enriques surfaces. I. Math. Ann.,
234(1):73–88, 1978.
[Hor78b] E. Horikawa. On the periods of Enriques surfaces. II. Math. Ann.,
235(3):217–246, 1978.
[HS11] K. Hulek and M. Schu¨tt. Enriques surfaces and Jacobian elliptic K3 sur-
faces. Math. Z., 268(3-4):1025–1056, 2011.
[IL13] H. Ito and C. Liedtke. Elliptic K3 surfaces with pn-torsion sections. J.
Algebraic Geom., 22(1):105–139, 2013.
70 GEBHARD MARTIN
[Ive72] B. Iversen. A fixed point formula for action of tori on algebraic varieties.
Invent. Math., 16:229–236, 1972.
[JLR12] T. J. Jarvis, W. E. Lang, and J. R. Ricks. Integral models of extremal ratio-
nal elliptic surfaces. Comm. Algebra, 40(10):3867–3883, 2012.
[KK15] S. Kondo¯ and T. Katsura. On Enriques surfaces in characteristic 2 with a
finite group of automorphisms. To appear in J. Algebraic Geometry, 2015.
[KKM17] T. Katsura, S. Kondo¯, and G. Martin. Classification of Enriques surfaces
with finite automorphism group in characteristic 2, arXiv:1703.09609.
ArXiv e-prints, 2017.
[Kod63] K. Kodaira. On compact analytic surfaces. II, III. Ann. of Math. (2) 77
(1963), 563–626; ibid., 78:1–40, 1963.
[Kon86] S. Kondo¯. Enriques surfaces with finite automorphism groups. Japan. J.
Math. (N.S.), 12(2):191–282, 1986.
[Kon94] S. Kondo¯. The rationality of the moduli space of Enriques surfaces. Com-
positio Math., 91(2):159–173, 1994.
[Lan88] W. E. Lang. On Enriques surfaces in characteristic p. II. Math. Ann.,
281(4):671–685, 1988.
[Lan91] W. E. Lang. Extremal rational elliptic surfaces in characteristic p. I.
Beauville surfaces. Math. Z., 207(3):429–437, 1991.
[Lan94] W. E. Lang. Extremal rational elliptic surfaces in characteristic p. II. Sur-
faces with three or fewer singular fibres. Ark. Mat., 32(2):423–448, 1994.
[Lie15] C. Liedtke. Arithmetic moduli and lifting of Enriques surfaces. J. Reine
Angew. Math., 706:35–65, 2015.
[Mar16] G. Martin. On extremal Enriques surfaces. Master’s thesis, Technische
Universita¨t Mu¨nchen, Boltzmannstrasse 3, 85748 Garching bei Mu¨nchen,
2016.
[Mir89] R. Miranda. The basic theory of elliptic surfaces. Dottorato di Ricerca
in Matematica. [Doctorate in Mathematical Research]. ETS Editrice, Pisa,
1989.
[MN84] S. Mukai and Y. Namikawa. Automorphisms of Enriques surfaces which
act trivially on the cohomology groups. Invent. Math., 77(3):383–397,
1984.
[MO14] S. Mukai and H. Ohashi. Finite groups of automorphisms of Enriques sur-
faces and the Mathieu group M12, arXiv:1410.7535. ArXiv e-prints, Octo-
ber 2014.
[MP86] R. Miranda and U. Persson. On extremal rational elliptic surfaces. Math.
Z., 193(4):537–558, 1986.
[Muk10] S. Mukai. Numerically trivial involutions of Kummer type of an Enriques
surface. Kyoto J. Math., 50(4):889–902, 2010.
ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP 71
[Mum69] D. Mumford. Enriques’ classification of surfaces in char p. I. In Global
Analysis (Papers in Honor of K. Kodaira), pages 325–339. Univ. Tokyo
Press, Tokyo, 1969.
[Nam85] Y. Namikawa. Periods of Enriques surfaces. Math. Ann., 270(2):201–222,
1985.
[Nik81] V. V. Nikulin. Quotient-groups of groups of automorphisms of hyperbolic
forms by subgroups generated by 2-reflections. Algebro-geometric appli-
cations. In Current problems in mathematics, Vol. 18, pages 3–114. Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1981.
[Nik84] V. V. Nikulin. Description of automorphism groups of Enriques surfaces.
Dokl. Akad. Nauk SSSR, 277(6):1324–1327, 1984.
[Oha15] H. Ohashi. Bi-canonical representations of finite automorphisms acting on
Enriques surfaces, arXiv:1504.00728. ArXiv e-prints, April 2015.
[Sch10] M. Schu¨tt. K3 surfaces with Picard rank 20. Algebra Number Theory,
4(3):335–356, 2010.
[Sch16] M. Schu¨tt. Q l-cohomology projective planes from Enriques surfaces in
odd characteristic, arXiv:1611.03847. ArXiv e-prints, November 2016.
[Shi72] T. Shioda. On elliptic modular surfaces. J. Math. Soc. Japan, 24:20–59,
1972.
[Shi90] T. Shioda. On the Mordell-Weil lattices. Comment. Math. Univ. St. Paul.,
39(2):211–240, 1990.
[Shi10] T. Shioda. Gro¨bner basis, Mordell-Weil lattices and deformation of singu-
larities. II. Proc. Japan Acad. Ser. A Math. Sci., 86(2):27–32, 2010.
[Sil94] J. H. Silverman. Advanced topics in the arithmetic of elliptic curves, vol-
ume 151 of Graduate Texts in Mathematics. Springer-Verlag, 1994.
[Sil09] J. H. Silverman. The arithmetic of elliptic curves, volume 106 of Graduate
Texts in Mathematics. Springer, Dordrecht, second edition, 2009.
[SS10] M. Schu¨tt and T. Shioda. Elliptic surfaces. In Algebraic geometry in East
Asia—Seoul 2008, volume 60 of Adv. Stud. Pure Math., pages 51–160.
Math. Soc. Japan, Tokyo, 2010.
[Vin75] E`. B. Vinberg. Some arithmetical discrete groups in Lobacˇevskiı˘ spaces,
pages 323–348. Oxford Univ. Press, Bombay, 1975.
[Zha91] D.-Q. Zhang. Logarithmic Enriques surfaces. J. Math. Kyoto Univ.,
31(2):419–466, 1991.
[Zha98] D.-Q. Zhang. Quotients of K3 surfaces modulo involutions. Japan. J.
Math. (N.S.), 24(2):335–366, 1998.
TECHNISCHE UNIVERSITA¨T MU¨NCHEN, ZENTRUM MATHEMATIK-M11, BOLTZMANNSTR. 3, 85748
GARCHING BEI MU¨NCHEN, GERMANY
E-mail address: martin@ma.tum.de
